
THE MACMILLAN COMPANY 

NEW YORK BOSTON CHICAGO 
DALLAS SAN FRANCISCO 

MACMILLAN & CO., Limited 

LONDON BOMBAY CALCUTTA 
MELBOURNE 

THE MACMILLAN CO. OP CANADA, Ltd. 

TORONTO 



STUDIES ON 

DIVERGENT SERIES AND SUMMABILITY 


BY 

WALTER BURTON FORD, Ph.D. 


MICHIGAN SCIENCE SERIES-VOL. 11 


jarta |Jorii 

THE MACMILLAN COMI>ANY 
1916 


All rights resermd 



Copyright, 1916 

By The University of Michigan 



To Mt Pathee. 
SYLVESTER FORD 
This Book is Gkatefxjllt Dedicated. 


iii 




CONl'KNTS 

(’nA.i»TKtt 1. The Maeliuirin Siim-Fortnula, with Iiitrmiuctior 

Study of Anymptotic Series 

CJiiAPTKK IL Tile Determination of tlie Asymptotic l>evelopmi 

(Jiven Function 

Chapter III. The Asymptotic Solutions of Linear Differential K 
Chaiter IV. Elementary Studies on the Summahility of Series. 
CuAn'KK V. The Summahility and ConverKeuce of Fourier S 

Allied 1 )evelopments 

Appendix 

BmuoaHAPHY 



PREFACE 


During the academic year 1908-9 the author was privileged to give as a 
part of his work at the University of Michigan a course of lectures on infinite 
series, with especial reference in the second semester to divergent series — a 
subject which, despite the uncertain value so long attached to it, seemed clearly 
to be coming into increasing prominence and importance in mathematical 
analysis. Little was accomplished, however, as regards divergent series beyond 
the merest beginning; yet this was sufiicient to awaken a desire to continue 
farther and this in turn resulted in a course being given throughout the whole 
of the following year devoted entirely to divergent series and the related topic 
of summability. But this year also closed with much less ground satisfactorily 
covered than had been expected, unforeseen difficulties having arisen from time 
to time, some due to the inherent complexities of the subject in hand and others 
to the somewhat hastily conceived and hence unsatisfactory state in which 
much of the related literature was found to be. Thus the course still seemed 
altogether incomplete. It was therefore decided to continue it once more 
throughout the following year, 1910-11, and indeed for a like reason it was 
finally continued throughout 1911-12. As the lectures and class-room dis- 
cussions progressed, permanent notes were kept in the hope that the whole might 
possibly pass through the press at some future time and appear in book form — 
a hope which, after various delays during which the original notes have been 
considerably supplemented, now reaches its realization in the appearance of the 
present volume. In its final form it certainly presents a large mass of detail 
and is doubtless open to criticism in many respects, but it does not seem advisable 
to attempt any further defence for it than is contained in the remaining sections 
of this preface wherein, after certain generalities, the content and motive of the 
various chapters are discussed in some detail. 

Speaking roughly, the study of divergent series, at least as the author has 
come to conceive of it, may be divided into two parts, the one concerning the 
so-called asymptotic series and the other the theory of summability . Of these the 
first, representing the older aspect, originated in an isolated note by Caxjchv 
in 1843^ relating to the well-known series of Stirling for log T{x), viz.: 

(1) logr(a:) = ilog27r+(a;-i)loga:-a;+^i-^i + -^i- .... 

{Bm = mth. Bernoulli number.) 

Cauchy pointed out that this series, though divergent for all values of x, may be 
1 ^*Sur Temploi legitime des series divergentes/^ Compt. Rend, de VAcad. des Sciences^ Vol. 17, 
pp. 370-376. 
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used in computing log r(a:) when x is large (and positive)— m fact, it was shown 
that, having fixed the number n of terms taken, the absolute error comnntteil by 
Stopping the summation at the nth term is less than the absolute value ()f the 
next succeeding term, and hence becomes arbitrarily small (n > »1) with in- 
creasing X, Cauchy^s work on divergent series was confined, however, to the 
single series (1) and, owing to the emphasis placed upon convergent proee.sse.s 
exclusively by the successors of Cattcht and Abel, no further progress was nuule 
in this interesting field until the subject at last reappeared after more than forty 
years in connection with the researches of Poincae£ upon the irrepilar solutuins 
of linear differential equations.^® PoiNCAEiS considered those divergent series 


(normal series) of the form 

( 2 ) e^^^h'’(ao + ai/^ + + * ' • ) » 


f(x) •« polynomial in a*, 
p ss constant. 


which for some time had been known to satisfy /orma(/y linear differential equa- 
tions of certain types having the point a: = oo as an “ irregular ” point, and he 
showed essentially that in general to every such formal solution there corre- 
sponds an actual solution which can be represented by (2) in nuieh the Maine Hense 
as (1) was described above as representing log r(.i’).® In view of the imjwrtant 
significance of such results both from the standpoint of the poHsihle use of tli- 
vergent series as well as from that of the theory of differential equations, Poin- 
CAEfi set apart and discussed in some detail a broad clasH of divergent aeries of 
the special form (2), applying to them the name of " asymptotic serieM.” P«m- 
CAEfi’s results, however, in so far as they concerned differential equationn, were 
noticeably incomplete, being limited by certain unfortunate reHtrietions, and thus 
his original studies have given rise in later years to nutnerous researeheH, notably 
by Hoen, in which noteworthy advances have been made, thougli oihui qiiestioim 
in this connection still remain. Corresponding investigatioim (likewise begun by 
PoiNCAEfi) pertaining to linear difference equations have been utulertakeii in 
recent years and carried to an advanced stage by Hoen, NUklunu, ami others. 
Meanwhile an important aspect of the theory of asymptotic scries has <'otm* into 
view, especially in England under the leadership of Baunk 8 and Hai«>y; namely, 
that of actually determining the asymptotic developments of a given function -- 
a problem of decided interest for the study and claaiification of functions in gen- 
eral. This latter aspect of the subject presents a high degree of complexity 
and doubtless has made hardly more than a beginning at the present time. In 
fact, it has thus far been approached only by confining the attention to a very 
limited number of special functional types.'* 

> “Sur leB inWgrales irrSgulitees des dquations lindaires," Ada Math,, Vd, « ({(dtp, pp. 2J»- 
344. Mention should be made also of SriErnKs who simultanooiisly with Pomcaaife nwinetl tfee 
study of divergent series, confining his attention, however, to the computatioadl aapeet* of iwtain 
special series. (Thesis, Ann. de VBc. Nor. (3), Vol. 3 (1886), p. 201.) 

• For the more accurate statements, see Chap. III. 

* For details, see Chap. II. 
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The theory of summabilityj or second general aspect of divergent series 
mentioned above, is essentially concerned with the question as to whether in 
any proper sense a sum ” may be assigned to the series, assumed divergent, 

(3) 

n— 0 

This question has been scientifically attacked only within comparatively recent 
years, the most common avenue of approach being through the so-called boun- 
dary-value (Grenzwert) problem in the theory of analytic functions.® Thus 
Fkobenixts, without having in view the study of divergent series, showed in the 
first place that if one has a power series whose radius of convergence is equal to 1 : 
00 

(4) r == radius of convergence = 1 

n=sO 

and writes Sn = ao + ai + * • • + then 


( 5 ) 


lim X] = lim 


^0 + 4 - * * • + 

n + 1 


whenever the indicated limit on the right exists.® Now, the first member of (5) 
is naturally associated with the corresponding series (3) (in general divergent) 
obtained by placing x = 1 in (4). Thus, at least if one confines the attention to 
divergent series (3) of the particular type just mentioned, it becomes natural to 
assign sums in accordance with the formula 


( 6 ) 


s = lim 

n=oo 


^0 + 4~ ’ • • + 

n+l 


whenever the indicated limit exists. Moreover, this formula finds additional 
justification in the demonstrable fact that for any convergent series (3) the sum, 
regarded in the ordinary sense, viz., s == lim Sny agrees with that given by (6) — 

n=oo 

i. e., formula (6) is consistent Aside from this one formula (6) many others are 
now known which serve with more or less appropriateness to define the sum of a 
divergent series, both when the series is of the special type above mentioned and 
when otherwise. To what ultimate extent these formulas are appropriate, how 
far the theories of summability erected upon them serve any justifiable purpose 
in analysis, whether the different sums thus assigned involve mutual incon- 
sistencies — ^tbese and other questions may well be asked and more will be said on 
this point presently.^ Su£5ce it to say here that formula (6) has been found in 
® For an elementary description of the problem, see Jahraus, “Das Verhalten der Potenz- 
reihen auf dem Konvergenzkreise historisch-kritisch dargestellt.” Program des Gymnasiums 
Ludwigshafen (1901), pp. 1-56. See also Rnopp, “Grenzwerte von Reihenbei der Annahenmg 
an die Konvergenzgrenze.” Dissertation, Berlin, 1907 . 

® “Ueber die Leibnitzsche Reihe/’ Jour, jur Math., VoL 89 (1880), pp. 262-264. 

7 Interesting comments by Pringsheim relative to such questions are to be found in Vol, I 
of the “Encyklopadie der math. Wissenschaften,’' §§ 39-40. 
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particular to yield interesting and valuable results when applied to Fourier series 
and the other important allied developments in mathematical physics — develop- 
ments in terms of Bessel functions, Legendre functions, etc. Such applications 
alone go far toward assuring a permanent place in analysis to the theory of 
summability as now commonly understood. 

Turning now more specifically to the contents of the present volume. Chapter I 
considers certain aspects of the so-called Maclaurin Sum-Formula, the especial 
aim being to develop and summarize into actual theorems those results which 
are of importance in this connection to the study of divergent series. These 
when once obtained are of particular service in the problem of determining the 
asymptotic developments of a given function, and it is to this that Chapter II 
is then devoted. Beginning with very easy illustrative studies, the Chapter 
proceeds to problems of greater and greater difficulty and eventually treats 
the general problem already considered by various investigators of determining 
the asymptotic developments of the general integral (entire) function of rank p 
(order > 0), following which, at the close of the chapter, the problem of deter- 
mining the asymptotic developments of functions defined by power series is 
briefly considered. Chapter III concerns the asymptotic solutions of linear 
differential equations and is an attempt to summarize briefly and without proof 
what are deemed to be the most essential results thus far known in this field, 
with mention also of the corresponding results obtainable in the study of linear 
difference equations, and with indications as to certain open questions still 
remaining in both connections. Chapter IV considers the theory of summability 
with the especial attempt, as in previous chapters, to single out what seems most 
essential. More specifically, it makes an examination of a few of the standard 
definitions of sum with the idea of subjecting each to a number of tests which, 
as the author has come to view the subject, every such definition should satisfy. 
For example, it is well known that if a really logical general theory of summa- 
bility is ever to be constructed it cannot include all definitions of sum that satisfy 
merely the condition of consistency (§ 37) since this alone does not insure unique- 
ness of sum. Therefore, observing the genesis of the whole subject from the 
boundary value problem as described above, it is proposed to arbitrarily limit 
the general theory to those series (3) for which the corresponding power series (4) 
has a radius of convergence equal to 1 and then retain only such definitions of 
sum as give the unique value 

00 

s = lim XI 

*=] —0 M=sO 

Definitions which do this are said to satisfy the boundary value condition (§ 39). 
Such definitions not only all give the same sum to a given series (convergent or 
divergent) (3), but they at once serve a useful purpose in analysis from the fact 
that they frequently come to furnish the analytic continuation of the series (4) 
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over some portion of its circle of convergence, or indeed in some cases, as in the 
definitions of Bohel, throughout regions lying entirely outside that circle. How- 
ever limited the scope of a general theory of summability as thus conceived, it 
at least has perfect definiteness and logical coherence and finds immediate use- 
fulness in the theory of functions of a complex variable, and we venture the 
opinion that some such characteristics as these must be preserved in any general 
theory of summability that is to retain a permanent place in analysis.* No 
attempt will be made here to describe the other tests which Chapter IT sets up, 
but it should be remarked that only a few of the standard definitions of sum 
are tested out since they suffice to illustrate the spirit of the undertaking. The 
chapter closes with a brief account of absolutely summable series and a state- 
ment of certain supplementary theorems and corollaries upon summability in 
general. 

A most important aspect of the theory of summability, as the author regards 
it, lies in its applications mentioned above to Fourier series and other allied 
developments in mathematical physics, and this forms the subject of Chapter \ . 
For the sake of completeness the treatment is made to include both convergence 
and summability. It is based upon a general method for the study of all such 
developments due to Dint and appearing, though in somewhat diffuse and 
inaccessible form, in his great work entitled “ Serie di Fourier e altre rappre- 
sentazioni analitiche delle funzioni di una variabile reale (Pisa, 1880). Dini 
naturaUy considered at the time of his investigations only the question of con- 
vergence (not including uniform convergence), but his methods are here shown 
to be readily extended so as to be applicable to studies in summability. EspecW 
effort has been made here as in the other chapters to summarize aU essential 
conclusions from time to time into actual theorems. 

To Professor Alexander Ziwet the author would here express his deep grati- 
tude. Not only has the book enjoyed the benefits of his critical judgment in 
many ways, but his sympathy and kindly interest have served as a constant en- 
couragement, and indeed they are responsible in no small measure for the ap- 
pearance of the whole in its present form. The author is much mdebted also 
to his colleagues Professors C, E. Love and Tomlinson Fort, the 
various suggestions and criticisms, and the latter for the valuable aid he has 

rendered in reading the proofs. 

Ann Aeboh, 

April, 1915 

its Id the coBsequeat objeotioBS urged by contemporary mathemaUciaus. 




CHAPTER I 


THE MACLAURIN SXJM-FORMDLA, WITH INTRODUCTION TO THE STUDY OF 

ASYMPTOTIC SERIES 


1. The following formula (Maclaurin Sum-Formula^) 

Em = \ £mdx - I [fib) - fia)] -h [fib) - f (a)] 


( 1 ) 


- [/"'(&) -f"(a)] + • • • + - ( 4 - 2)1 im-^Kb) - m-Ha)i 

+ * * • ; Bm = 'miJi Bernoulli number 


plays an important part in the modern theory of divergent series and we shall 
therefore begin by pointing out certain facts (cf. Theorems L II, III and IV) 
connected with its legitimate use. These will form the basis of the studies 
undertaken in Chapter II. 

Following the discussion of (1), we shall also give in the present Chapter 
(cf. §§ 13-”17) an outline of the general theory of asymptotic series as originally 
developed by Poincake in his classical memoir in the Acta Mathematica (1886), 
the elements of this theory being likewise needed for the proper development 
of Chapter II. 

2. In order to carry out the desired studies relative to the formula (1), let 
us begin by supposing that there is given any function -li* (real or complex) of 
the real variable x which, together with its first 2m+l derivatives, is continuous 
within a certain interval (a, b). For any value of x such that a^x ^x + h<b 
(h = constant) we may then write 



as appears directly upon applying an integration by parts 2m times to the last 
term in the second member. 

More generally, it appears in like manner that when 0 ^ i ^ 2m — 1 we 
may write 

1 Known also as the Euler sum-formula. For comiuents upon the historical aspect of the 
subject, see Babnes, Proceedings London Math. Soc, (2), Vol. 3 (1905), p. 253. 
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The Maclaxtrin Sum-Formula 


12 

Amx® = + h (2m 1.' 


JjZmr-k 


n-^k 


(2m - jfc) I 


while the corresponding formula for the case h = 2??i is 
(4) = r 

t/o 

Whence if Zfo, J7i, ■^ 2 , • • • S' 2 )» he the 2m -f 1 constants determined by the 
equations 

H(} — 1, Him — 0, 

Hk-i I Hk-i 


(5) 


Hk- 


3! 


H H 

+ TT + nm^Ti =0; 1 s /c < 2m — 1 


hu.'+tHkh’^Au.^^y^ 

A =0 Jo k =0 ( 2 w — A;) 1 


2m 

hux' = Y^Hkh^Aux'-^'^ -f n>t(a:, 4) 


we shall have 

or 

( 6 ) 

where 

Formula (6) hears a close relation, as we shall see, to the Maclaurin Sum- 
Formula (1). 

We first proceed to determine the values of the constants lik, noting certain 
changes which thereby become possible in the form of (7). 

If we place 


*=o 


dz. 


( 8 ) 


W2in\ ) /'OvvwX I i” /Cl 1 % I T* ~7c\ • d" ~TZ .. . -j- 


(2m)!‘^(2m- l)!"^ (2m - 2)l+ (2m - 4)[' 


and 

(9) 

we have 


2l ^ S[im¥” 


(2m-3)!^^(2m-5)!+ ••• + 1! 

Tmix, h) ^ — 2 ) -|- rf/imih — z)]d2. 


obtain^ develop <P 2 mih z) -f ^ 2 m(h — z) in ascending powers of z. We 
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.(A - z) + rpUh - z) - E Ifk 


«r» ini'^h 


1 " (2m -/c)! 


J-, If, 

^ ()-»[»” = ILxttir-^J (i ~1= 2'W -- 1) ; 23 -y ' ^ == — J/x*. 

x-==o ^ i 


™ 2^ LSm-jyj 2w-J rr, 

= L//fc E (- = E(- E 

A' aO I 0 j) 1 ^^0 A-ssO (2?U — k — j)\ 

it from (5) wo liavo 

Ih 

t (2m ■“/.;" j) r 
lu'um', 

/>2wt y«i 

,n{h - z) + hm{h - z) - (2m)!“'" (2m - l)l"*“ § - 

= <»!lm(z) “ ^2m(z).. 

lUH, if \V(! plnco B « /{/2 wo obtain 

l^'am ( 2 ) “ ” ’/' 2 m ( 2 ) ! ’/'2m Q ^ = 0 . 

1 C ItiHt relation, however, cannot exist for all positive integral values of m unless 
c oooflicients of the various terms of lAamCz) are each equal to zero. Hence, 

0) Ih Ih^ Ih^. ■■■ = = 0. 

Ill we ohtain the relations 

1) rM, h) - - 'V 2 m(A - z)dz, 

Jq 

2) <lP2m(/t — z) = <S2m(z)* 

As to the eoeflicients Hu Jh, Ih, Ih, • • • Ihmr-i, we have’* 


3) Ih - - i , Ihr = ^ (2r) r* 

liere Ih is the rth Benionlli mtmher. 

3. We now proeeed to establish tlu^ two following properties of the functions 
im(z) (eoinmonly known in case /; = 1 as the functions of Bernoulli): 

(«) “ The fuuetion ^ 02 m(z) <loes not change sign between z = 0 and z = h and 
positive in this domain when m is even and negative when m is odd.” 

(/>) " The expression lv> 2 m( 2 ) j when considered for values of z between z = 0 
h\ z ~ h lias its maximum value at z = hf2.” 

” 'riii« nmult like <i(1ut 8 wliieli ronccni the well-known properties of the Bernoulli numbers 
rl fiinflions, will here he primuppoM'd. For a proof, see Malmsticn, Joum.filr Math., Vol. 36 
KI7), p. 04. 
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For the proof of (a) let us consider the expression 
<p'smr- 2 (z) = (2m- 3 )!"*" (2to - 4)1**’ (2m - 5)!’*' (2m - 7)^ 

SupposiBg for the monieiit that this is positive whenever 0 <C ^ let us 

multiply it by Jr’^dh and integrate from h = h to A — + oo. The result, 
except for the factor h~'^\ is 

22^3 

(2m - 3 ) ! (2m - 1) (2m - 4) 1 (2m - 2) (2m - 5 ) 1 (2m - 3 ) ‘ ’ 

**■ 315 113 

and this must likewise be positive when 0 < z < A/2. Let us now multiply 
the last expression by dz and integrate from 2 = z to z = A/2. We obtain 

, /A 

^L(g) I 
z A 

2 

But ^j„(A/2) = 0, as follows from (12). We therefore conclude that if ^ 2 «- 2 W 
is positive when 0 < 2 < A/2, then ^ 2 m( 2 ) is negative throughout the same 
domain. Now, ^ 2 ( 2 ) = 2^/2 — zA/2, ^ 2 ( 2 ) = z — A/2. Whence, con- 

sidered for values of z within the indicated interval, will be positive or negative 
according as m is even or odd, while the expression 

<P 2 m{z) = I <P 2 m'i.z)dz 

Jis 

will be positive if m is even and negative if m is odd. It follows from (12) that 
i(> 2 m{z) has the indicated properties for the interval 0 < z < A. 

Concerning (6) we note that if m is even we have shown that tpimiz) is positive 
when 0 < z < A/2 and that = 0. Moreover, since 

— ?’2m(A Z), 

the same function is negative when A/2 < 2 < A. Thus, the statement in 
question follows from elementary considerations in the theory of maxima and 
minima. Likewise we reach the same result when m is odd, since (p[J^z) is then 
negative from z = 0 to z = A/2 and positive from z = A/2 to z = A. 
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4. T1k\s(i rcHiiltH OHtiibU.slK'd, wo. rotnrn to formula (G), 
let UH take 





In this formula 


where /(/) toKothor with its first 2m. (l(^rivativos is continuous from z = « to 
X =a b. Then together with its first 2 m -j- 1 derivatives will ho eoutiuuous 
within the same interval so that for any vahu; of x for which a x < x h b 
we shall have (ef. (5), ( 11 ), (Id)) 


hf(x) = 


Bxh^ , 

1 nx)iU - I/(z + h) • 

Jx 

~/(a‘)l+ [/'(.r+A)~-/'(z)] 

(14) 




(27ft - 2 ) 1 

4 . A) _ + r„{x. h), 

where 



(15) 

rm(x, h) - I -f- z)<psn(3S)(k. 


Ijct xiH now suppose that f; — a is an integral nudtiple of h, i. e., b — a ^ nh 
and allow z to take, successively the values a, a -j- h, n + ■ « + (« •“ 

By adding the corresponding results (14) and dividing hy h we obtain 

^/(« + qh) “ Z/(z) 7 r /(x)dx ~ I lf(b) — /(a)] 

gjyaO Mmtt 

( 10 ) + im - f(a)i - ir'(b) - r'(a)i ^ 

+ -f IL, 

where 

(17) — T f 12 (z + z)<pi„iz)dz. 

a a?, art 

By placing in — ^ we, thm arrive, at formula (1) pronded, however, that 

Urn lim = 0.^ 

6 . We proceed to consider certain properties of the remainder Itm correspond- 
ing to the cases in which f{x) is real. From result (a) of § d w'e may apply the 

• For noteworthy caacfl in wliich this condition is fulfillctl, soo Maukopf’s “ DiJIcrenzen- 
rochnung ” (Leipsig, 1896), Chap. 9, § 8. 
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first law of the mean for integrals and write 

i4, = f ‘PtmC^hb’, 0 < 0 < I 

or, since^ 

(18) * 
we shall have 
(19) 

Whence, also 

(2m) 1 


f 'Ps».(s)ffe 

Jo 






(20) i4. = e ((»-«) ^1^:' 


™ 1 < ()< 1 

M - i : u ~ X : l>. 


so that we reach in summary the following result : 

“If /(*) be any (real) fuuetion of the real viiriable x whleli fitgi-thtT with 
its first 2m derivatives is continuous within tin- interval (o, hi we nin\ write 
formula (16) in which, if M represents a value ns great as the uiuxiuinin value itf 
|yC 2 m)( 3 .)j ■^vithin the same interval, the expreHsiun sHtltdiei relalioiei ilU) 
and (20).” 

6. Other important forms for the remnitider in the Maelaiirin .tun furmuhi 
may be obtained when further hypotheses are placed upon/*x). 'I'btii, let u* 
suppose in the first place that/*^®"'*(^) does not change sign betweiui x n and 
X = b. By applying the first law of the tncan for ititcgrnh we may then write 


iu = “T- vum r L d- z)<h 

• V Jp 

(21) 

“ ^V5«(»A){/**» **(h) ™/'^ 'Hot!; H . : a < i. 

Whence, by (a) and (6) of § 3, 


(22) =. (^•) [/'’”"'•"((') “ ‘’(«)!; 0 < n < l . 

Moreover, from (8) and (13) we have 

1 1 . j i 

n L(2m)!2*« 2 (2r« - 1)12**"‘'^ 1 . 2 (2m - 2)! 2^ » 

^ 1 1 u./ . « ‘ iM 

4! (2m - 4)1 +■•• + (“ U -j 

and it is a demonstrable property of the Bernoitili numWrs* thnt the expresdon 
' See Malmbtbn (i. c.), p. 64, 4. 

‘ Due origtaally to Poisson. See Mim. de VAmd. *» Val, « < |s’J3l, p. .' 4 »si. 
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here appearing in n(iuarc braeketn is otiujil to 


‘>-'n „ 1 Ji 

(23) (— I)"*" ^ ' 

^ ^ ^ (2wor 

Whence, hy ucldiiig and .sul)tractiiig the term 

f— lynH/; A2<n-I 

(2m)! [/'=*"‘"”(h) -/<“-“»(«)] 

in the Heeond iiu'talx'r of (Ki) we obtain the following re.sidt: 

“ U f(,e) be a (mil) function of tlie real variable w which together witli its 
first 2m derivatives is continuous within the interval (a, b) and if its 2mtU deriva- 
tive does not change sign between the same limits, we may write 

E/(^) - ^ l/(^^) - /(«)] + If lf'(b) ~ /'(«)] ~ 

c— W»-1 

X l/'"(b) - r'(a)] -f- . . . + ^ j"" ~ /(^'-■»(«)] 4- lU 

where 

(OSm— 1 \ fi 

0 " V (2m) ! 0 < 0 < 1.” 


>(b) - O<0<1.’' 


0 < 0 


2^* — 1 
2am-r' 


2ii» _ 1 

20 < 2 


we see. that under the liypothescs of the above result the scries (1), even though 
it be divergent, may be used to compute the value of 

(26) Zfiz) 

Wmtt 

with an error numerically less than the absolute value of the last term taken. 

More generally, it ai)pears in the same manner that we shall have the above 
result whenever /(.r),/'(.r), /"(a-), • • • /'’‘"'^(.c) are continuous within the interval 
(a, b ) , while the exj>ression 

E/«=^>(x -I- z) 

does n(Jt change sign between z = 0 and z = h. 

7. Again, let us now suppose that neither of the expressions 

(2(i) + S). + z) 

changes sign between z~Q and z == A. Replacing m by m-k 1 in (10), using 

® Bee Mai^bten (L c.), P« 70. 
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therein the form for determined by (19), and comparing the result with 
that of § 5 (in which m is left unaltered), we obtain 


(2m + 2)1 


rV"^Ha;+ 6h) = - 




f 22™-! 

I ® 




l^hb-h 

y(2m-l)^5) — = j + z)dl2, 

Jo *=« 

Whence, upon recalling that Bm and Fm+i are both positive, we see that the 


expression 


2^-1 


will be negative and numerically less than 1 in case expressions (26) are of the 
same sign between z — 0 and z = h, while it will be positive and no greater than 

2^—1 ^ 2^'""i — 1 

22OT-1 ^ ~ 


in case expressions (26) are of opposite sign throughout the same domain. Thus 
we reach the following result: 

“ Let f(x) be a (real) function of the real variable x winch together with its 
first 2m derivatives is continuous within the interval (a, b) and is such that 
neither of the expressions 


changes sign between z = 0 and z = h. Then, according as these expressions 
preserve the same or opposite signs for the indicated values of z, we may write 

= I fmdx - i [/(6) - /(a)] + ^ [/'(6) - f (a)] 

(27) -^*[r(6)-r'(a)]+ ••• 

+ - /'^“-^(a)] + R^, 

where 

B 

IL={- 1 )«+^ [/(^«(6) - /(^-»(a)] ; 0 < e < 1 

and 

£/(^) =\l - I im - /(a)] + ^ [f (6) - /'(«)] 

-^'[r (6) -/'"(«)]+... 

B 


( 28 ) 
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wlu'r(5 

— 1 /,2bi~1 

lU - (" 0 < 0 < 1.- 


Forimila (27) wan llrat oataljlislicd by Jacobi'' in 1834. Whenever the con- 
ditions for its nso arc satisfied it is seen that the sum of any number of terms in 
the .Hcric'.s (1) (conwrgimt or du'rrgenl) gives the value of (25) with an error having 
the same sign as that of the first imn neglected and less numerically than the 
ubsolule value of tliat term. Formula (28) is due to Mabmsten.® Whenever 
it may he used the sum of any number of terms in the series (1) gives the value of 
(25) witli an error liaviug the same sign as that of the last term taken and less 
nunu'rienlly than the absolute value of that term. 

8. Another im]>orta«t and well-known form for the remainder in the Mac- 
laiiriu Huiu-h'orniula may bo obtained when the function fix) may be regarded 
as an annlj/tic function of a complex variable. 

'I’o mi' this we recall in the first place that if/(w) and ipiw) are any two func- 
tions of the complex variable w (w — x + ip) both analytic and single-valued 
in the neighborhood of the point w — a and of which the second has a zero 
of the first order nt the same point, then we have the formula 


( 29 ) 


f 


fM 

tpiw) 


dw 


'^‘'V9'(a)^^‘ 


lim rj, = 0; 

E2 0 if 6 = 27r, 


where, tlu! integration i.s taken in the positive sense along the arc of a circular 
sector of atnall radius e and center at w = a and whose angle is d. In fact, this 
formnla results directly from well-known principles in the theory of complex 
intcgralH upon observing that in the i>resent instance we may develop the func- 
tion fiio)l(f>iw) in the form 

c-i , . ^ ^ _ /(«) 

S,-«+ 


where p(w>) is analytic at the point w = a. 

An immediate and useful corollary of (29) is as follows: 

" If fiw) and ip(;w) are any two functions of the complex variable w both of 
which arc .single-valued and analytic in a region A of the lo-plane and of which 
tlic latter vanishes within A only at the points w = Xi, Xi, • • • X„ which are 
zeros of the fir.st order, and if C„ designate any contour lying within A and 
including the ])()ints w — Xi, Xj, • ■ • Xn, we shall have 


(:«)) 


j„ r 

27riJci,‘p(io) 


n 

dw ^ 


nssl 


/(Xn). 


where the. indicated integration is performed in the positive sense. 

^ BtHi Joum, f Uf M(Uh,f VoL 13 (1834), p« 270, 

® StH) MA14ylBTKN (L C.), p. 72. 
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We proceed to apply formulas (20) and (20) to our prcHcnt prohlt-m.** I'Nir 
this purpose let us take^® 

( 31 ) <p(w) » <■«>-«'> - 1 

and let us suppose /(w) to be any function which is analytic tlinni^tlunit a vertical 
strip of the w-plane extending to an infinite distance both abtivc and belmv the 
axis of reals and including the two real ])oints w a, w ■ h {h > «). Fur tin* 
contour Cn let us take that formed by the liiu! ic - • « f n/ (the puint »• a 
excluded), by the line w = b-\- iy {lo »= h exchidt'd) and by the lines it .r J ij 
(j = constant > 0) together with small semicircles of radius t > h alumt the 
points w = a, w = b, the former extending to the right and the latter to the 
left. 

Since <p{w) has zeros of the first order at the points w a -} filr, /< 0, 

1, 2, • • •, while at the same points « '2irilh, we obtain ns a rcsidt of Citl) 

(32) hZm = Ilf {a) + f dw. 

We proceed to study in further detail the complex integral here npiMuiritig. 



First, the contribution coming from the side JA (see Fig. 1} is 

h 


, r/(* 


iJ) , 

. .. (Ut, 
■ V) 


and since <p(x — ij) becomes infinite when j » + oo Hkc 
suppose that/(w) satisfies tlie following suppletnentary condition: 

(33) lim f(x - y)e-!>-y/A » O; a S x - h 

jsa-h 00 

in order have hm 0 proAuded we take j « oo. In imrtieuliir. cundilioti f.’}.’!) 

f whenever [/(to) | remains less than a cemstant f.ir all values 

ot w within the strip already mentioned. 

« Sm PBTHittSHiN's « Vorlesungen fiber FunkUonaUieorio >' (Cbticnhaam IKW) t.o HU m« 

r^rr. '• *■ ‘ 
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Secondly, let uh o.ouHulcr the contribution coming froin the portion J)EFG. 
By writing 


m {<pM + mw) 
^(«') 


m 


and olwerving that the integral oi f(w) over I>ICFG is ecpial to that over DC.IIG, 
the ctmtril)ution in question becomes 


•r 


4* 'hi) +* 1 ]I{(^ + hi) 

ip{a + hi) 


dy + i 


r 


(vp(h + ?» "b l}f(b 4* 'iy) 


¥>(b + W) 


dy 


I 


** {v?(^ + v) + 1 1/(“^ + y) 
<p(x + ij) 


dx 




ifitap 


S{w)dw, 


Of the integrals liert; a})pcaring we observe that the third may be neglected by 
taking j -■« + qo provid(!d tluit /(ic) satisfy the following supplementary con- 
dition: 


(b4) lim J{x 4* ij)ir^^G>' sa Oj a *2 a- S h. 


Next, the contributions from the semicircular arcs BCD and GUI are equal 
respectively to — (h/2)fib) and -■ (/i/2)/(«) except for expressions that become 
infinitesimal with <, as follows from (29). 

We shall now assume not only the existence of (33) and (34) but that of the 
following stronger condition; 

(35) lim f(x dtz «* 0; o S ar S b, 

Ji.fM 


where rj is an assignable positive quantity. If we then take account of the two 
remaining contributions, viz., those arising from the sides AB and IJ, we obtain 
in summary 


h S fix) = f f(w)dw - “ [f(b) - f(a)] + i f 

JOHCD ^ 


{<pib + iy) + l]fib + iy) J 
,p{b + iy) 


+i r 

eo 


{sp(n -b iy) 4- l}/(a 4- iy) 
<p{a 4* iy) 


dy -j- i 


/: 


fib + iy) 
<pib 4- iy) 


dy 



/(« 4- iy) 
<f>ia + iy) 


dy, 


in which the various improper integrals have a meaning by virtue of (35). 
Let U.H next allow e to ai)proach zero. Since 

<pia 4" iy) = <pib 4" iy) = — 1, 

we thus arrive at the equation 
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hf.m - £ /w& - \ m - /Ml 


Moreover, the function (1/t) [f(x + w) “/(x — heinK reiil whiui </ 

is real, may be expanded by Taylor’s formuhi (with remainder) into the form 

2[ifWv-|',f"Wv-+ ■■■ +( 2 ^-T)V“ C 

+ If^Hx + %) “ t» < s < I. 


Recalling finally that'' 



P 


we reach the following result: 

“ If the function /(w) ia analj-tic throughout a vertienl strip of the «• emnplex 
plane extending to an infinite distance both above atul below the axis of natls 
and including the real points w «» a, w « 6, an«i in furthermore such that 

lim f(x rt: o* 0; a fa x b, 

where rj is some assignable positive quantity, we may write 


Ef(x) 


where 


1 u h 

f{x)dx - \ m) - /(a)] + "'j \ni>) - /'(«)) 

-^^fir(h) -/'"(«))+ ••• 

+ ^2m)\ f iu 


Hn 


(- 1)*" p 

(2m) lift Jo 


[f<.^'>{x+ lOy) -f^^Kx -%)!:;« . 

1 y % 


( «n I when m » 1), 

I 0 < 0 < I wheti, »t » 1 , 2, 15, « • • 

Equation (36) with 1, was first given'® by Rlana in 1820 and srton after- 
wards by Abel.'® The same result was obtained through the calculus of rt^itlue.*! 
for the first time by Kkonbckeb'^ in 1889. 
n See Malmstbn (1. e.), p. 69. 

“ See Mem. deUa Accad. deOe set. di Torino, Vol. 25 (1820), 
w See Oeuvres compUUs (1881), Vol. 1. pp. 21-26. Ibid,, pp. 34-39. 

“ See Joum.fnr Modi., Vol. 106 (1889), p. 364. 
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9. We proceed to note certain theorems which follow from the preceding 
results and which will prove useful in the study of divergent series (Chap. II). 

Theorem I. Letf{x) be any (real) function of the real variable x which together 
with its first 2m derivatives is continuous throughout the infinite interval x> a. 
jilsOj let it be supposed that the following series is convergent'}^ 

(37) i f P”‘'>(y + i)<pUt)dt, 

y=a nJa 

in which represents the 2mth Bernoulli function. We may then write 

S m = +f f(x)dx. -^f(x) + 1-[ fix) - -j r(x) + • . . 


where 


ilm(x) = X) r + t)(pi„ 

yxzx t/o 






1 0 < < 1, 

and where C(» is a constant as regards x, defined by the equation 

= l/(a) - |f/'(«) +ffV"(«) 

In factj tlie expression will exist tor x = a, a + 1, a + 2, • * and by 
the results of § 4 we shall have 


JLfix) = f fix)dx — i [/(a:) - /(a)] + ^ 


[fix) -fia)] - 


where 


+ + JL, 


Jtm = — f t)g> 2 m(t)dt = n„(x) — ilm(a). 

tJo !/=a 


But this result is coextensive with that indicated in the theorem. As to the 
second form there given for we observe that by virtue of statement (a) 

of § 3 we may apply the first law of the mean for integrals to each term of the 
series representing Om(x), thus writing 

Onix) = EP"‘Ky + f ^Ut)dt; o<e,<i, 

y=:X •sO 

It will be understood that in this and the following two theorems y takes only the values 

a, a + 1> ct + 2, • • 
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diich, upon using (18), bcconu's 
39) 

We add that in case lim/®p"‘’('*‘) I* i* 


f„ l>w/i /, 


‘h till' 

/ill be independent of m as well as of x, fur we sbnl! thesi Um v 


h + + jjm - -f ‘/"'(X) d- ■ . • ! j / - •'* . 


.s.rS. 


0 that by placing « = <» and observing tbut liiu bin i, u, wi* 

btain 0i == Cm- 

Theorem IL Let f{x) he antj (rml) fumiiim <•/ fhf rt-iii mnMf x u hu-h 
ogether with its first 2m derimtiees is etmduuitits ihrmt-jhi-ut !!w infinite itsh-md 
> a. Also, let it be supposed that dues /ml rhuiiyt *•</« u^sfhui ihx .-.Iimr 

atenal and that lim/^“"“'>(x) = 0. IfV mtip thm u-rdi^ 


tm = a«+ f fix)dx - |/(x) + - ff/' 

aft *» « 1 


hx? f 


i^re 

«(*) 


, t- ir’R. . 

i 'J m ^ I 




VIr + SX'-'’”'* + 


Bm 

{2 m)V^^ ■ * 


X ^r: 

t .11. i 1 j- 1 r..» { * 


nd where Cm is a constant as regards x, defitmt hp ihf f ,/mttiun 


C„ = §/(a)-|i/'(a) + f^f/'"(„) 


Bt, 


21 


4!“ 


^ i I : 




llsr* ' ® I I « 


To prove this theorem wc first observe that, ns a rmilt ..f ..iir > 

pon (x), the terms of tlie expression 

Fm{b, x)mJ2 4- i :• x 

ill all have the same sign, so that f^ih, x) is either »n ever ifierrining nr nn 
/er decreasing function when b increases; also by treating L\ih. xt a. wr dii! 
le Rm of (17) by means of (21), (22) and (2:i) we obtain 

P (h (~ l)"‘i?«2^- 1 

i'm(6, X) = ~2mjl 2»«-* *’?&) -/'*» * -xil; 

^ ™ -.f «. «na h Ko.. ,1,., 

esGut instaaoe wo have A - 1 , a « * we reimwnl 0 hy ,«}h. 


Genebal Theorems 


15 


Whence, the expression 


Fm{x) s lira FmQ), x) 


exists, and since by hypothesis 


we shall have 


lim/«™-W(6) = 0, 
6=00 




0 ^ llmix) ^ 1 


(- l)-+iJS„ 


22»» _ 1 


(40) ^„,ix) = — ^ j r,„(x) - 1 J ; 0 ^ Vm{x) S 1. 


Thus, Qm{x) exists and has the form indicated in the theorem. 

Now, by equation (16) we shall have also 

£/(•'>:) = rmdx - I [fix) - /(a)] + ^ [fix) - f(a)] 

a:=;rt %Ja ^ 4 

( nm+lD 

+ - (2^ ) ! " -/<^«(fl)] + ^{x) - U^{o). 

Thus, we reach the desired result. Again we note that will be independent 
of m as well as of x whenever 


= 0; y = 1, 2, 3, • • •. 

a;=:oo 

Theorem III. Lei f(x^ be any (real) function of the real mriable x which 

together with its first 2m + 2 derimiixes is continuous throughout the infinite interml 

x> a* Also, let it be supposed thatf^^\x) andf^^'^^^x) do not change sign within 

the same interml, while 

lim/C2p-i)(ic) = 0; 1, 2, 3, 

*=00 

Then, if f'^'^ix) andf^'^'^ (a:) preserve the same sign {x > a) we may write 
Zm =^0+ rf(x)dx - hf(x) + ^fix) - ^rix) +■■■ 

*=a *^a * 

where 

= t rr^”^Hy+t)<PUt)dt = (- l)”^^e.(a:)^/(^»(a:); 

yss * Jo ^ ' 

j X ^ a 

\ 0 S e,„(a:) 1, 

and where C is a constant as regards both m and x, defined by the equation 
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0 = \f{a) - fr/'(a) + 


+ ‘ (2,» 


21*' ' 4!' 

On tie other hand, and (x) imseri'e op[mile aigiui (x > «) iothtr 

emditions remaining as before) we may write 


’‘im = c+ Cmdx - yix ) + - jrix) + ■ 

x—tt a 

(- iri'F, 


+ 


(2m ) ! 


“(x) + Sl«(x). 


where 


B.W = ’w + gj^ ■/<“>(!/+ t)n.m'ii 

92m-l _ 1 P 

- (- D'H-'e.w^ 2^. (L”) 

and where C a constant as regards both m and .r, defined by the equatitm 


00 /*1 


.r :• a 

0 - ()m(x) 


I. 


C = i/(a)-|/'(a)+|f/'» 




For the proof of this theorem wc first observe that tlie eojiditiims for thcoretn 
11, and hence also those for theorem I, arc here fulfilled both for m - m utul 
m = mH- 1; also the conditions that Cm shall be iiulependejit of rpiuj 
applying theorem II with i2m(x) as given by (40) and eompnring the restdt 
with that obtained by placing m = m + 1 in theorem I, we obtain 


(41) 


Bm 


(2m) I 


Vmix) 


22m _ ] 

“22m^r 


1 . (2 1 \ a.). 


Let us now write f^’^^^ix) in the form 

— Urn r 4- <)d< 

£iaoo Jo 


and let Qm'(x) represent the expression fim(*) of theorem II in tlu* present «li»- 
cussion. Then, in case (a:) and /^“^*^(a:) preserve the same sign it fulhiws 
from (41) that 


(— itm+in 

(42) U„'(x) = — ^ 


and hence, for the first expression !;i,„(a:) of the present theorem, we shall have 

Qmix) = Qm'ix) + . 

fi S {)w(x) S 

with which the first part of the theorem becomes established. 

” Cf. Mabkow (1. C.), pp. 131-133. 
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If, on the other luuul, and ' preserve opposite signs (x > a) 

we shall have ctpuitiou (42) in which 


OSm 1 

0 1== i)i!(n~l 1 - 


22in-l 1 


and thus the second part of the theorem becomes established, upon observing 
finally that we here have = ilm'C***)- 

Tukohkm IV. Ld f(w) he aiiif fuiwtiati of the eomjilex mriuhlc w == * -1- ii/ 
xi'hich is unali/lie. throughout all portiom of the w plane (w ~ oo c.vd.) for whieh 
X S «. Also, let it he supposed that 

lim fix d= ®= 0; a, 

l/.-i ( eo 

where rj mmie arnffuahlr positive quanillip map then twite 

- a„ + fmdx - •+■ ?;■/'(•«) - + • * • 


+ ^ 

tohere 




(- 1)”* r”/«"n.r + 0x///) -P"‘>(X - BM 


' 0 » = 1 xehen m =* 0 
1) < Bx < I when m «= 1, 2, fi, • • •, 


and where dm 'w a constant us regards x, defined hy the erpiation 

dm « im - fiV'Ca) + f + 

This theorem is, in fact, a direct oonsequenee of the result stated in § 8, 
being obtained from it by placing 6 = a; and rearranging terms. 

GKNKUAI.tZATION OI*' THK IhiKCEPINO RKHimTS'** 

10. The rc.Hults given in § 4-7 and the first three theorems of § 0 require 
tliat the function f(x) together with its first ‘2m derivatives .shall be continuoua 
throughout a certain spceifie<l interval. When this condition is not .sati.s- 
fied the same results and theorems no longer exist, at least in general. How- 
ever, in cases in which /(ar) .satisfies the indicated condition except at a finite 

** For u (U^rivation of tho Marlaurin suin-fonnula from tim Htandpoini of Fotirlor norioH, bog 
P oTHHON (L r.), A Hlill diiTfrent methoti may \m foinul in Boolf/s lYaatiHG on Finito Diftor- 
(London, 18(K)), pi). 80-84. Tiio formula haa htnm genoralaod in variouH diroctiana by 
Baunkh; aw Qmr/. Jaum. of Math,, Vol. 05 (1903), pp. 175 IHH; Tram, of Camlmdge PhikmophicaX 

Vol. 19 (1901), p. 325; ProemUngH of Lomlon Math, Hoc, (2), Vol. 3 (1905), pp. 253-272. 

3 
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number of points (at which discontinuity or uncertainty may exist) we may 
still obtain certain noteworthy results. 

In order to show this we first observe that if u and ^ be any two functions 
of the (real) variable x which together with their first derivatives are continuous 
throughout the interval {a, a + A) except at the point a: = /?, w^e may write 

I -f- I )udv = m \ — uv \ —( I -hi ) 

f being an arbitrarily small positive quantity. This is, in fact, a direct conse- 
quence of the ordinary formula for integration by parts.^^ 

In particular, if be a function which together with its first 2m -f 1 deriva- 
tives (u', u", • ■ • is continuous within the interval (a, a + h) except at 

the point a; = |3 we may obtain by repeated use of (43) the following result 
(cf. (3)): 


2w— i Ip 

Am® = mSj - M® = 'E + 

p=l P* 


Lr =0 pi 

+(r~^~‘+r 

\X (2m-i)T 


+ Uo 

Whence, if Bd, Hi, • • • Him be the constants defined by (6) we mav write 
(cf. (6)): 

*=" Lfeo .Vo p! 


] z=B -a-H* 

+ r^ia, h), 


^*^0 •^^- a + e / Z ;=:0 


(h — 

T2m - /c)T‘ 


Lpon mtr^ucing the function <pi„,{z) and making use of the relations (10) 
and (13) we thus obtain 




A) — 


2m-A; /It 

L T, 

*=0 P =0 P 

0 ^3 -e 

. +1. )“•'** 


- a:)P 


+ rm(Q:, h), 


- a)da:. 


* ?*“>. !«=) «■» 

integration. aenvatives shaU be continuous throughout the interval of 
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~ f fOv)(l!x wkeji o: S a- rg /3 — 6, 

Vx ~ I J /} 13 + 6 ^ a: SI a+ h, 

/(if) IxuuK any fimciitm whidi t.of'otlK'r with itn firat 2m derivatives is continuous 
witliin the int('rviil («, a h) exce]»t ut tlio point x ~ p. Siicli a function «.* 
together witli its first 2;ji. + 1 derivatives will he continuous except at ar = |S. 
Wluuice, applying (44), we may write®" 


///(«) - ( f ' ‘ + r ' * ) [/(.r) - - cv)] 

"> t n , 7,2fc 


)}dx~^Af(a) 


H- E fhh^ E ^ ^V-^“03+a:) 

.. A iO ^0 V ‘ 

Let us HU])i>ose lastly that the interval (a, a + h) containing the point a: = /3 
is part of a larger interval («, h) throughout winch (exru'pt at a- = (8) /(«) satis- 
fies the indicated cmiditions; also h>t ns suppose that n is one of the quantities 
a, a + h, n H- 2k, • ' b ~~ h. If then we apply fonnuln (Hi) to /(a*) when con- 
sidered wilhin the iiiti'rvids ( 0 , <>•), (n; + h, h) and apply formula (45) to the 
same function wlicn considered within the interval (cv, a-\- k) we, obtain, after 
adding the three re.sults and dividing hy h, 

tt I ^ A 1 / M \ 

ES^fi (ih) E /(.■>') I +1 

1 / « na ih\ 

””A\/ j j (*“ 






4. 3;) 

Jafai— « 


whore 


f (E+ E + 2)«’2m(3)(f2- 


By use of this formula instead of the earlier corresponding one (16) we arrive 
»“ We nolo +x) ^ and lionco/'-uC/S 4- x) ]'“1. - 0. 
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at the desired theorems corresponding to the first three of § 9. Since these are 
long in statement though readily supplied we shall omit them. 

Analogous results may evidently be obtained when f{x) presents any (finite) 
number of exceptional points of the type just mentioned. 

11. Again, the results stated in § 8 and the fourth theorem of § 9 require 
that f(w) be analytic within a certain domain. If, on the other hand, this 
fraction presents singularities at a finite number of points within the domain, 
but otherwise satisfies the indicated conditions, we may readily make such 
alterations as are necessary to preserve correctness. For example, let us sup- 
pose that the function f(w) of theorem IV satisfies the conditions there stated 
except at the point ip = ^ = p iq; a < p < x, q < 0. The theorem will 
then continue to hold true^^ provided that we subtract from the second member 
the residue of the function 

. . 2Tif{w) 2xif(w) 

^ ' (p(w) e2iri(«r-a) _ I 

corresponding to the point w = However, if the exceptional point ocenns at 
w = ^ = p + iq; a < p < X, q > 0, then (in view of the manner in which in 
§ 8 the integral of /(w) over the path DEFG was transformed to one over the 
path DCEG) the theorem vill continue true provided we subtract from the 
second member the expression together with the residue r^' of the function 
2Tif{‘w) corresponxiing to the same point w = /?. 

Other cases are those in which a singular point occurs on either of the lines 
w= a + iy,w = x + iy or at a real point w = ^ < x. If, in the last of these 
cases (which is the only one to which we shall refer later), the singular point is 
a pole of the first order the theorem is seen to continue as a result of (29) provided 
that the term 


be changed to 


f f{x)dx 

‘is (I 


where rf,r/ have the meanings already given. 

Series of Stirling 

12. As a preliminary application of the preceding general theorems to special 
unc ions /(a;) let us take f(x) - log x, a = any real number > 0. We are 
thereby kd to certain weU-known results respecting the series of Stirling 
The first part of theorem III may here be applied since we have 




'\p - 1) I 


P = 1, 2, 3, 
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Wlioncc, upon observing that 



[x log X — .rj' — /.'i + X log X — x; 


uiul that 


Z log a- 




log r(.r) 


~ log l'(a) = /a -h log r(.i’); 


A'l = connL 


A'2 k= CO/l.'lt. 


\vc obtain 

log r(;r) = K -I" (x - ,1) log .c - .r + ^ 


^2 1 , ft I 
b • 4 >"'".')•(>> 




(- ly/L^t 


(2iii — b)(2«/ — 2) .r"*"® 




wbero K is a ecuistant us regards m ajul .r and where 

(- 1 


(48) 


r,.M = ()„(.) _• , o : o.w -- 1 - 


Moreover, by ooiu])aring the above results with the well-known fonnula^® 
log V(x) = I log 27r -h (.c — I) log x. — x 


m 



it follows (ui)on placing x = «>) that /C = | log 27 r. 

'Thus, we arrive at the series of Stirling (see Preface) and it appears from 
(48) that, though dmxgmi, the series may be used to ecimpute log r(*r) with but 
slight error when (real and positive) is large. In fact, the. first term neglected 
is seen to constitute an upper limit to the error committed by breaking off the 
series at any one point. This fact was pr»intetl out by (’AUcnY"'* in 1848 through 
an independent investigation based upon formula (4i)), he also noting in this 
connection the i)oasible value of divcrgcnl m'rics in computation. (hAtscuv’B 
work was, however, confined to this one series and in this it ujujears that his 
residts might have been obtained nuu-h more directly, as indicated in § 12, 
from tlui earlier general investigations of PoiaaoN atul Jacohi relative to the 
Maelaurin Sum-Fonmda. 

W(; fidd that the value of the con.stant K may be obtained independently of 
formula (4U) by use of the well-known formula of Wai-us expressing the value 
of t/2.» 

** In the pnwnl rase it may Im shown that 0 < Om{x) < 1. Sen Mauubtbn (I. c.), p. 76. 

“ tlsnally nUrilmtcxl to IIinet. 

** H<tt! Complex Itendu* tic VActul. tlc» A'«rri«'s, Vol. 17 (1843), pp. 370-370. 

” B(!t* Maukoff (I. c.), p. 134. 
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Pbeliminahy Dihcuhsion oe Ahvmvtotu: Skiuiw 
13. The formula of Stirling, hy moans of which tlu; function 


log r(x) — (x~ .J) log X + .r 

may be identified with a certain divergent laiwcr series in l>, nlTords an illustra- 
tion of an important class of dcvcloi)monts known as ani/mpMif .vtr/V.v. \\'v 
proceed to give at this point a brief exposition of the gencrul features of this 
subject, leaving its further development and applications for later ehuptcr.-i, 
lespecially chapters 11 and III. 

Following PoincarJS, we adopt the following defiiiitioiir'* 

“ A power series of the form 


(50) 


Ro "1~ 




+ 


* ' ' ctiU.Hinnt^ 


is said to represent asymptotically the fuaetion /(.r) !ov Inrgi^ pnjativt* vnlaf%H uf x 
whenever 


lim .r** [/(x) - (tto -t- ailx + + • • • + 1 ‘ 0; 

(51) »=■+“ 

n “ II, 1. 2, 

Thus, for a given value of n the diflerence between the function and the luin 
of the first n + 1 terms of its eorre.spoiiding asyiupttitic serie.s {in niM- one exi-.t .) 
vanishes to a higher order than the nth whcti x •} - * , ns wouhl be the eu x- in 
particular if the series were ctmvargenL Hynduilicuily, tin* itlaoe relation i-s 
expressed as follows: 

(52) /(x) ~ oo + «i/x + Uj/x" 4’ • • •• 

Several general observations arc. here desirable. First, n given funetion /ix) 
can be represented asymptotically in but tsiic way. lu fact, we hn\e from (.".Ij 


( 53 ) fix) = ao + ai/x + aa/x^+ }- nn-i/x""' + *^*''^'**^ ; litn r„«xj -• 11 

“ See Acta Math., Vol. 8 (188fl), p, 2(10. * ■’* 

In tills dofinition no restrictions arc placwl ujttin (0(1) lu* rt*giir<ls rtuiverg«"tn'i» i>f itivrigi ij* 
However, in the usual applications the sericit is <livcrgf<nt for all values (iKmitivi'j i4 x, but ‘m nn 
instance in which the contrary is the ease wc have 


e-i/a N0+94--4.il4. ... 

aj X® ^ * 

In the most important applications (cf. Cliaptcra 11 and Ill)/(x) is n funrU.m (.-.U.er given 
explicitly or else determined ImpliclUy as a solution of a linear diffwmial nr 
^pable of analytic continuation into the complex flol.l, being In fart analyiie thr...,Kh.n,i ibn 
fimte plane with the exception of points (finite or infinite in niiralier) siiiiateil u|s,ti n turn,. nutt.»«-r 
of straight lines ra^atmg from the origin and having the iwint x « « as a singnlMUy, 

Vni cMtioif^ upon the definition of asymptoiir seriw m* Thc.mS, /uf Mnih . 

Vlbck, The Boston Clollfsinium Un-ttirm {.Ww York 
millan, 1906), pp. 77-86; Watson, Philosophical Tram., Vol. 211A CtWll), pp. 279 :tj3. 
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and in case we had also 

m = h + hlx + htlx? -h . . . + 4- ; liiti 6/(a;) - 0 

r -id oo 

wo hIiouIcI have 

(rto — i'o) + («i ~ hi) -1- («2 — h‘i) ^ • • • 4- „_i 

*r *x. * 1 - 

(54) 

. (tn — hn + €„(;r) — €„'(a0 ^ ^ 
r 


Whenco, f/o — ho, as results froiu ih(^ hist (‘(luiitioii hy placing ;r — + ^ . IMaking 
use of this relation in (54), multiplying both ineiubtTS by x and proceeding as 
before, we obtain ai ^ h\, •••, etc. 4410 (‘onverse of the above statenumt is, 
however, not true as appi^ars directly whtvn we note that if /Or) is rcpresent(‘d 
asymptotically by (50) so also is, for exam])le, the function fix) + 

Again, it is desirable for tlie sake t)f clearness to note, tliat asymptotic series 
in gciu'ral cannot be used for purposes of computation in the sense in which 
Stirling’s series can la* used to compute log Vix). In fact, no information is 
at hand r(\s])eeting tlie error (‘ommittt'd hy stopping at any preussigned term,^^ 
There, are, howev(*r, mimerons and important asyrni>totie developments*^^* which, 
like the series of Stirling, are dcnivalde hy use of the Maelaurin Sum-Formula 
and for su(4i the limit of error may usually he fixed by means of the formulas 
then lUTsent for the rc'inaiiuh'r. but in all eases, the asymptotic development 
funnslu's information as to the behavior of the function wlien x is very large. 
Thus, the expressions 

r/oi (h + «i/^i Uo 4“ (ii/x 4“ •**,% + aji/.r 4" ^ ^ chnfx^ 

constitute a series of sueeessive approximations to the value of f(x) provided 
tliat X is Hu0ieiently large. Furthermore, we liave 

Vunfix) = «o 

se ■ > 1 ee 

(55) 

litn xHK^) — flo — ai/x — a%/j^ — ~ « a„. 

»iS'3 'f fl© 

Conversely, wlicn the behavior of /(x) for large positive values of x is known, 
the cciuations (55) serve to determine the coefficients ao, Oj, • • • of the corre- 
sponding asymptotic development if one exists. 

By adopting a more liriutCHl clafinition of jiaymplatic Hcrk*a than that of Poincari^, Wathok 
luiB obtjuntHi a noteworthy thnormn upon thb question of uniqiiciu*a«. Hoc PhiloHophimi 7Vam», 
Vah2nA (1911), p. 3{K). 

For noteworthy exaaptional sme Htieltjkb, Annakn de VEmU Ntfrmalef VoL 13 (1HH6), 
pp. 20l*-2(V2. 

Tliia in true in general of the deveiopinenis conBideitKl in Chapter 11. 
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14. The following consequences of the dehnithm (ol) arc especially note- 
worthy:*^ 

“If 

f{x) ~ Bq -|- "t" -{- • • • , 

<p{x) ~ Z>o + hi/x-\~ Ihjr' + • ■ • 

then 

, , . , fli dr. /n , fl2 :t* Ih , 

(a) fix) ± <pix) ~ («o ± Oil) + ^ “r yj I' • • • : 

(b) fix) ■ <pix) ~ Co H- ci/x 4” Cs/x* 4' • ‘ • I 
where c„ = aaK 4" Bi&n-i 4“ ciibn~i 4- • • • 4“ ojto', 

(c) fix)j(pix) ~ da -h dijx 4- f/a/x- 4- • * ‘ . 

provided that ho 4 = 0 , the coefficients do, di, da, • • • beintj drh rnnniil Inj the t'ljuatiuns 
' Bo =» bodo 

- Bi = bjdo 4" bodi 
. Bn = bndo 4" bn~idi 4" • * • 4' 



prodded that Bo = Bi = 0.” 

In other words, asymptotic series are subject tt» the sitine laws of ni{diii<*ii, 
subtraction, multiplication, division and term by term integration as coinergeiit 
power series in Ijx. 

For the proof of (a) we have hut to note that 
fix) = Bo 4- ai/x 4- Ba/x* 4- • • * 4- ^ ; Hm r,,( j-) it. 

If - .#■■■ 

<pix) = 6o 4- 6i/x -b 6a/x* 4- - • • + 4" ■*" i Urn r,.'i.r i it. 

Thus, we may write 

fix) ± (fix) = (ao± 6o) 4 h (iv-i ± &n..i) , 4- ^ ’*-'■*'* ■ 

lim I). 

As regards (6), let us indicate by S„iz), f„(x) and r«Cx) n-siH-.-tively the 
sums of the first n 4- 1 terms of the three series in question. I1a«'iiig for bre\ ity 
rW =/, <pix) = <(,, e^ix) = «, s^(x} H, Tjx) - 7', . . i, 

lim = hm, we shall have 

css 4- 00 

“ See PoiNOAEi {1. c.), pp. 297-301. 


Asymptotic Skries 


t 6 

/ = ^ = 2 ’ 4 - _ ; Urn € = lim e' = 0 


wlu'ro /’ is a laHynomial in j* of dcgn-o no liij^lior than tlic (n — l)st. 
Wlieaco, 

(/- 50 (*’-.fi )=2 + |: 


.,."1/ . y. - V] = /£' 4- 

Now, lim / « f(o; lim ip from which it followH that 

lim .l•’‘[/ • <p — S] = 0. 

For tlu^ proof of (c) let us use the same notation as above except that S shall 
reprt'sent the sum of llui first n- H* 1 terms of the series in which the coefficients 
da, du di, ■ • • appear. Then, usiuj? ccpiaticms (50) we shall have 


f + n , 

nn<l siiic<' lim .S' «,), lim T = ho +■ 0 it follows that lim x^rj == 0. 

Moreover, 

j, =“ ii + Hhi ~ 0. 

Whene •. 

lim O'” ^ ^ ^ = lim a;"(Tj + w) = 0. 

'I'lie proof of (d) is readily supplied. We have from (53) when ao = ai = 0 

C * f , SI “2 I ^'3 , n< , , «n-l , "n + Vnix ) _ 

J. ,: + '!> + ;)j?+ ■■■ +S-2)x’-=+(n-l)*"-‘’ 

luul, mnt’t* liiu Cnf***) ^ we nuty nay that corresponding to an arbitrarily small 
positive quantity 5 there exists a constant Xb such that |€rt(a:)|< S; x > Xg. 
Whence, 

/"•S© Jj, S 

5 = »-C 

so that Urn %(jr) « 0* 
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In distinction, liowcvcr, to the propertioH of iH.w. r ni-rif,.. the 

term by term derivative of the HHynijittitie develojiment «f /un will ui,{ m-ees- 
sarily be the asymptotic developtm-at of fix). 'riuH jn mu 4 !•« .ilv .-.lu.w n by i»n 
example. Thus, 

(57) fix) « sin (e*) T f I ■ • 

but since /'(. t) " “ (T^sin («') + eos Ce’), the eApn-.doti Hui/’m ! i-. t. u ilhilury 
so that not only does the term by term deriviitivi- «<( the r.nie i . X: i hdl ti. repre. 
sent /'(a:) asymptotically, hut/'(x) permilA of m* • to h n-i.r.- ,fntoii..n whotever. 
However, if 

fix) <h I T 1 ■ ' • 


and iff'(x) is known to he developtihle a^vitipfini. hIU . thr o 


(58) 


fV) 


Hi 'Jfh Xi, 
x’’'" x’ " .r‘ 


In fact, if f'(x) were (levelopahh* 11 >ytitj>l(4ii (illy in (inj t.iher w<»^ flnso 'is] 
it would follow from (</) of the above remits lloif / w,is •!i-4rb.|ti»bl - « 
totically in two dilTcrent way.s. 

16. In addition to the prupertiesi u»b t7«|, («•» stt«<! ait ,4 | 1 } «»• jn.tv the 
following general result: 


"Let 


fix) oo-f tt-(x); 


irlx) ■’* 


X 



and let Fif) be afuneiim of x Ihnmgh f ulneh. utirn unUm n* !htf„rm f . 1 , I 
is devebpabk asfollom: 

F'Uu^x 

J'(ao+ w) *■ Fiao) + F'iat,)^ | « ’ | ■ 


(69) 


'H«b) . , , f '■b.j.p t #„■:« 5 


Itm t.,' s 


ir I, 


‘11 


{ci>s iu pufiwukiT whtfi ‘i* ^-J w ir tiK i'lun wti' mati 

write 


•?'(/) ~ F(tto) + ^ 4 ^ X" ^ ' * 

where pi, pg, * * *> Pr» Ihe uf iki #iirrr-f#irr |«#irrrjf uf !, / htj 

svbstituUng into (59) (^exdmtiee of (k «-*• ^ ik /,Vrf „ ../ ik .jnm 

aaynvptotio dmlopment of 

"Cf. Bromwicb, "Inftnif* Benm" (Ixtntliio, Ita»i}, j, ;ai. 
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111 fact, from (6) of § 14 wc may write 


1 > V // \ 

Fiao) + F(ao) w -H ^ -+-•.■ + 




nl 




and lu'uce (50) may be written in the form 


F(ao 4- '«’) 






7 > n -\~ Vn (^) , €«('«0 ,, 

X" 71 1 


If we now write e„(«))w” in the form 


lim = 0, 

a;.-eQ 


'jpn 

and observe that 

lim <„(»’) = 0 

J' «0 

we obtain the desired result. 

1(). Wo note in eonneetion with the definition (51) that we have supiiosed .t 
real and jiositive. More j'enerally, /(.r) is said to be repre.senled asymptotically 
by the sm-ies (50) thrmifthont an infinite region 7" (usually a sector with center 
at .r = 0) of the coinphsx plane when, for all corre.spondiiig a; values, the equation 
(51) exists in which lim is substitnteil for Hm. In the case frequently pre- 

I r 1 «« 4* f ea 

Hmitnl of a siuKlc-valuod function fix) having an csHcntial ningtilanty at the 
point X - we note that the ahove inentioued rejyjiou eannot eompletely sur- 
round the i)oiut X — «o, sinee we sluadd then have liiu /(x) — no for all methods 

1 ,r I : 

of increase of Ij*!, thus contradicting the hypothesis that the point t = oo ia 
cssmitiully singular. 

Again, if f(x) and the region T be given, we observe that the neceasary and 
Hufliei('nt eondition that fix) be developable asymptotically throughout T is 
that there exist a set of constants «o, au «a, • • •, a„, • • • satisfying relations (55), 
it being understood that the values of x appearing in these relations are confined 
to f. In fact, if (55) exist we have (51) aiul eonverscly. The same relations 
(55), when employed as a sufficient test for the existence of an asymptotic de- 
velopment for fix) throughout T, are usually difficult to ajiply and hence of 
little value in practice, since fix) is not in general so given that it is possible 
to determine whether the indicated limits (representing ao, Oi, Oj, •••) exist. 
A sufficient te.st which has a w'ider field of ai>plicability is supplied by the fol- 
lowing 

Thkohem V.®* Let fix) be a function of the complex variable a: analytic iciihin 
and uj)on the boundary of a certain infinite region T of the x plane, the point x » oo , 
however, being excluded. Also, let <pix) ~ filjx) and let T' be the region ihaTdng 

“Of. Ford, Bidhiin Boc. Math, da France^ VaL 39 (1911), p. 348, IJino 13 should hero read 
** le point X « ^ toutefob ^taixt axclu/^ 
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the point * = 0 upon its boundary) obtained from T by means of the transformation 
X = 1/a:'. If, then, for values of x in T' the following limits exist: 

lim^(a:), lim ^'(a;), lim 95 "(.'k), lim 

x =0 z —0 a :=0 a ;=:0 

and are re'presenied respectively ly ^(0), • • • {these values being 

assumed independent of the direction of approach of x to 0 in T') we may write for 
values of X in T 

f(x) ~ ao + ai(l/a:) + aiil/x)^ a^/l/a:)” + • • • 

where 

ak = -Jj— ; it = 0, 1, 2, 3, • • •, n, • • •. 


In order to prove this Theorem we shall begin by establishing the following 
Lemma in the general theory of functions: 

Lemma L Let <p{x) be a function of the complex variable x analytic within 
and upon the boundary of a certain region T' of the x-plane, exception being 
madcj however, of the point a: = 0 situated upon the boundary at which point 
(pix) may have any character. If, then, for values of a: within T the following 
n + 2 limits exist: 

lim^(a:), lim ^'(a:), lim<p"{x), lim 

*^0 it =0 a ;=0 

and are represented respectively by ^(0), ^'(0), y>"(0), ■■■, (these values 

being assumed independent of the direction of approach of a; to 0 in T') we may 
write for values of a: in T" 


<P{^) = ao + air +a,x^+... + + r„ix)]x-i lim r„(x) = 0, 

do, «!, Os, On being constants determined by the equation 

M«(0) 

= 0, 1, 2, . • n).” 

In fact, under the above hypotheses we may write for any value of x in T' 


(60) 


^ix) - ((>{c) + p'(c)(a: — c) + [x - c)^ + 




nl 


+ 


nlf “ tyv’-'^'^'-Kt)dt, 


whwe c represents a feed value of r taken within F and arbitrarily near to 0 
and where (at least if r and c are each taken sufficiently near to 0) the il- 

tke point "'o 

0 me poi^ a: - 0. The existence of (60) may be readily verified by performing 
n mt^ntion by parts n times upon the last term in the second member.*^ 

. Gotosat, Coins d’ Analyse,” Vol. 1 (1902), § 86. 
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It ill (GO) wc now allow c to ni)i)ronc-h tlic limit zero through values that lie 
within T' {x fixed), and if we iutroduee at the same time our hypotheses con- 
cerning the existence and meaning of ip(0), «?'(()), <o"(0), • • •, <o^’‘^(()), wc obtain 


<p(.r) = ^(0) H- (p'(()),r + 


^"(0) , 




' ' ).2 4- ... 4- ^ c" 

2! ^ ^ (n- 1)1 




where 


X t 




III order to (uanjdeie the ]>roof of tlie Lemina it thus remains hut to show 
that with Vnix) dedined as in ({>2} wt* slinll Iiave lim Tuix) — 0 providt'd always 

that .!■ rmnain in 7". 

Now, for all vulue.s of t on the line of integration in (GO) we have 

|.r- / ' . 


Moreover, it follow.s from our hypothese.s that we may find a po.sitive <*on,Htant M 
(independent of d*) such that for nil values of x in f' we may write j<p'"'‘'(d-) [ < Af. 
Whence, if W(^ phu’c |j*| ~ p we slinll luivi* for the given value of x 


,(j-) i < .1/ ( tip = A/p 


from which the de.sireil result heeome.s evident. 

Theorem I follow.s a.s an immediate con.seqtienee of the Ijcmma upon sub- 
jeeting the function /(x) and the region T mentiomul in the theorem to the. traua- 
formalion a* l/x'. 

We note also that If, instead of having fix) defined throughout a complex 
region 7', it is given as a function of a real variahle x within the infinite interval 
(a, -j- <»), we may obtain in like manner the following Iximma and corresponding 
Theonun : 

Lemma 11. “ Let tpix) he a function of the real variable x which, together 

with its fir.st n + 1 derivatives, is continuous within the interval (0, h), the end 
point a" = 0 being excluded. If, then, the limits v’(+ G), tp'i-\r 0), tp”i-\~ 0), 
. . ., ,p(«ri)(^- 0) exist, we may write for values of x in (0, h) 

<pi:x) = ao + «id- + -j- . . . 4- + [(In ■¥ r„(a;)ld:''; lim r„(j) = 0, 

f 0 

flo. tti. fla, • • •> «» being constants determined by the equation 

a, = “ 0. 1,2, ■••,n).” 
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Theorem VI. Let f(x) be a function of the real mrinhle .r lehirh, tiujether 

nihits derivdims of all orders is contirmomtlmnnilmd the infinite interval («, oo), 

fupon ‘placing (p{x) = /( 1 /a:) ihefollmoing limiis exist: 


^(+ 0), <p'{+ 0), ^"(4- 0), 

may write for values of x in (a, + ) 


0 ), 


•ihere 


fix) ~ ao + «i (^) + "»(*) + (i) ■ 


ah — ' 


«?(«(+ 0) 


k\ 


/^ = (), 1,2, a, •••,«, 


17. We observe finally that the use of the symbol is frecjueiitly brontleiied 
,s follows: " If/, <p and ^ arc three fnnetions of x siieli tliiit iti the .sense of § Ki 
re have 


9 


, fli , na , 
^ + 


he .same relation may be written in the form 


63) 


/ ~ ^ -|" flo^ "H 


X 



II 


Thus we write when x is real and positive (ef. § 12 ) 

log r(a:) ~ (a: - |[) log a; 4- a: + I log 2 ir + f • • ■ • 

Relation (52) may furthermore bo written in the sitnjtle form / s iih. thi.i 
eing especially true in applications of the theory (sueh ns the determiimfion 
f lira fix)) wherein the values of the eoeflieients «i, 03 , oa, • • • pluv no tmrt. 

/ikewise, relations of the form (03) may be written f <p f fio^. 


ciiArTER n 


THE DETERMINATION OP THE ASYMPTOTIC DEVELOPMENTS OF A GIVEN 

FUNCTION 


IK. Lot Fiz) bt“ a Kivt'n fmiotitni of tlio ('()ini>l<'x vana})lc z defined throughout 
the (inito s-plnne and Hitch that (ri) the. laiiiit 2 = 00 is a non-polar ahigular point 
and (/») wht'U ls| is Hunicioutly largo and arg z Hoh within a given sector A (center 
nt z " 0) there exist two functi(in.s /^(s) and (p^{z) each defined throughout A 
and a sot of eoiistauts Uo, «i, At f<a, ai ' ’ • On, ai • • • Hueh that for values of z in A 
wo have 


Fiz) ~ /a(s) 'f* Va(~) 1 «a. A + "j * d 


"!iN- 


+ 


fin. A + Wa. niz) 
Z" 


5 


lira MA.nCz) = 0. 

|0|«OO 


Thou, according to the definition of § Ifi and the remarks of § 17, we may write 
for tlu' italioatod values of z 


Fiz) -/a(3)+<^a(s) 


Ho, A 


ftl.A 


^ 4 . 




Tlii.s form ttf (ih> nipt otic development i.s of fretjuont occurrence and of prime 
importance in aimly.sis. The problem of determining for a given Fiz) and A 
the corrc.spondiiig/nfs), y<A(s) »nd «a, a, ffi.Ai rts.Ai • • • (assuming that they exist) 
is u.simlly one of considerable difficulty and, when regarded in a general sense, 
i.s one for which hut fragmentary re.sults exist at the present time. The known 
determinations appear to iie eitiier those for special functions of importance in 
Mathematical 1‘liy.sies, .«ucli as Bessel’.s function Jniz)^ or for certain types of 
integral fiinetions, notaltly those defined by infinite products.^ 

In the present (’huiiter it is proposed to slunv how the general theorems of 
dhaiiier I may be useil, at least in certain caae.s, to make the above indicated 
determinations. In doing this we shall merely consider certain special functions 
Fiz). No attempt will he made to obtain theorems of great generality, partly 
because of the difiU’uIty of such an undertaking, but chiefly because of the belief 
that a few well-<’hoHen illustrations suffice to adequately impart the spirit and 
possibilities ol the method employed. In each of the functions Fix) considered, 

* He® for exwnple lAiMMan, *'8Uitlipn Uber dio Beaaol’schon Functionen ” (1808), § 17. 

* See for example IlAitMKS, PhUosophiced Tvcituiaclions, Vol. 190A (1902), pp. 411—600; 
ibid., Vol. 200A (1900), pp. 249-297. I'liw.h of these memoirs contains an extended bibliography 
of the Kubjeet. See also Mattoou, "Contributions A la Thdorio des Fonotions entiAres (Thdse), 
Utmltt, 1906. 
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only the functions /;^ (a), cptiz) and the first one of the constants which Is 
not equal to zero are determined, since these three deterininnlions constitute 
what is essential to the study of the hehiivior of b\z) for large \alues of js|. 
The method, however, permits equally of the determination of any one of tin- 
coeflBcients ««, a.- 

The functions F{z) considered fall into two classes ; (a) tliose iletinei 1 hy 
infinite products and (h) those defined hy infinite series. I'lider in) wi- Imve 
eventually considered (§§ 24-28) the asymptotic behavior of the general integral 
function of order > 0 — a problem to which considerable altention has been 
devoted in recent ycars^ and in eonneetion with which we have entered into 
considerable detail owing to the importance of this and other analogous con- 
siderations in the general theory of functions. Ihider ih) we have eventually 
considered (§§ 28, 29) the asyiniitotle ladiavior of fnnetion.s <lefined tiy powcT 
(Maclaurin) series — a subject of evident importaiiee owing to tin* es-.eiitial 
rdle of such series in analysis. The treatment for the latter is brief and indeed 
but fragmentary, yet it is bcliev(‘d that the most iniiiorfant know n re.- idts Mcide 
■rom those which concern the solutioms of linear dilferential or linear difb-renei* 
jquations)^ have been indicated. 

The determination of the asymptotic character of futietions definetl in other 
vays than as infinite products or infinite .series might well have been coiisidi-reci 
dso in the present chapter, as likewise the eorre.spcitiding problem for certain 
loteworthy special functions.® We have, however, limited onrselves in the 
nanner indicated above, feeling that not all aspects of the Htihjta i couhl reect\e 
Teatment within the limits of the chapter while tlnnse of (he greatest perinanenee 
n the general theory of fnnetion.s have heen ineluded, we beli*-\e, tlir.mgh the 
)resent selection. 

19. Example 1. To obtain asyniptoUc clmdopments for tlw funHiim 


I 


(2n+ l)®-t-3®‘ 


:i) Fiz) 

We here choose a function which, as a remdt of the well-known fortnula® 


tan a 

27' ' 


• See note at the bottom of page 44, 
‘See Chapter III 


£ ^ 

’‘"® (2n -f 1)® y . 

4 




M m T! Of this d«rrlpli,m, see H*n.so;s. Tu,n.. 

r PP- Promdingt Lmdm Math, fioc., V«l. 3 tUnW). pp. g73 M., 

m. 6 (1907), pp. 69-116; Tramaciioru Camt>ridge PhiUmphieol .SW., Vtil. g(l j IW)7), t,,,. g;,;; 
79, Qmrterly Joum. ofMaih., Vol. 38 (1907), pp. 116-H(); IlAWir, QnaThHy 

1907^ pp^Saio Tmrmdwm Cambridge. Phii.m,phmd .W, V,4. gtl 

ParisflSsS^ & la Thdoriti tl.« fonetiom d’luw vnri.d.te » 
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may be evaluated in the form 
( 2 ) Fiz) 


TT C"* - 1 

•is <;'’*+ I ' 


and tluH fact will enable n.s to elieek onr subseciuent results. 

In order to obtain the asyini>tutie develoinnents of F(z) us defined by ( 1 ), 
let us i)laee 


/.(«■) 


1 

(2«.4- IF+s' 


and roKurd s as liaviuK any fix('d value z ^ -p H- iq, % = ■>/— i, lying inaseetor 
(eenter at s " 0 ) situated in llie rinhl half of the z complex plane and having 
neither of its bounding lines eoineident with the axis of i)ure iinaginaries. Then 
/j(m), eonsidere<l us a function of the complex variable ?e ==; -f' iih satisfies the 

conditions demanded by Tlieorem IV (« ~~ 0) of ('hupter 1, except that in case 
If/I > I the same fiuiction will ])rcscnt a single pole of the finst order at the right 
of the imrc imaginary axis, this pole being situated at the point — i^(— • 1 — iz) 
if 7 > 1 and at the point w ■ - .Jf— 1 -f iz) if 7 < •— 1 . 

'^riius W(' may apply the theorem, subject to the remarks of § 11 , in order to 
obtain an expre.ssion for the sum 


H/A-r); J- > 

# 0 


We shall now distingni.sh between the following four eases: («) |7|< 1, 
(Ij) 7 > 1, (e) 7 < — I, ({/) 7 zk 1. 

In (fi) we may make, direct application of the theorem. Taking m =>= 0, we 
thus ohtain 


CD 


S (2x + 


where 


('!) 

and 


(b) 



ffj* 

+ 1)® 4- 2® 


4- w) ” 

— 1 


1 

2(1 4- S^) 




(2x 4- l)' + 3®“'" 


iy) 


dy 


In these results let us now allow x to increase indefinitely, observing that 


r ^ 

X (2x 4- 1)® 4- 


1 

28 


^ 2x-hl 
arc tan 

8 




1 1 

^ arc tan- 
/z z 


and that lim = 0 . We ohtain 


4 
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(6) 


5+2(1 + =’) 


im* tail 


+ i I 


p [ 1 


1 

L 1,(1 1 ) 4 ' 

* 1 1 

■ i 4’ 


tUj 


Upon flevelopiug the viirioUM torjunof tin* •tH-itiul tm iu!n-r in ir i rtulinj' unwi'r?^ 
of 1/a, we tlum reacli (Tlieorc'm V, (‘Impter 1} ll>r rclHUuu 


(7) 


f(2) 


^ ^ 4, I "» I I . . 


4^ 

*m 


in which the coefReientH 03, <(4, ««, • > ■ mny l»r in am «lr .Iml {wiiiit.** 

In case (6), equation (li) uml heiin* (ii| will rniihiiur t«. Su.td irtir 
cording to § 11 provided that we siihtriiet fmiii it = ’• r«<ti<l liiratKi r ihr r« litlu,. 
of the function 

[(2«- + l)» i- s1|r'=*'“ - !j 

at the point w » — |{1 4- is) whieh (redduej 1 * reailily fi.uiid a (, c Imj.ii.p 
I) to he 'ir/23(c*' + 1). Hiiu*e, for value-* of s wiihiu the .r« !«.r. iht i 

function is developable nsyiuptotieally in the form of 1 lotjUrr I wjtSi 


«tt « ti| eij -a ... — 11 ^ 


it follows that relation (7) holds true al»4i i« ease </*». 

Similarly in case (e) we have equation tlM eseept u f. | U * ih«i wr mu u now 
subtract from its second member the residue of mi bi « - | l 3 = and alu* 
that of the function 2riftlw) at the same jadni ; 1, r wc »»u! >1 nil.irju 1 th*- f\- 
pression 


w , 1 . ^ 

2s(e *« + 1} ' '2s " f h' 

Thus, as in case (c) we see that relation (7) again hi.h!-. true. 

Moreover, the same relation eonlinueH itt eaiu* idi nj.|«-«r . 
F{%) in the form 


!'(=) = l + , 


h 


miilinil 


and applying tha mathod of eE.^a (w) to tbt^ tirrr 

recalling tlmt in one and the same regiuti there e»n exist Iml ime a iMuiitoii* 
development for a given fnnetitm. 


Similarly, if we note the effect in (4) of HUpjKwing the real |«iri of 2 lo b«' 
negative, we find that when s is situated in a sector lying within the h/f lialf 

««Ift wruty kfjtt* vuliu* *»f m 111 ai.j.h ‘Oio .ou, 1 1 « !-.sr 

numWs ^ ^*'***’ wftifumtii it» a rdsUvrly i»iw|4e n.m, M,v„hitui ib’ ii.t4=.«»1*» 
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the plane, relation ((>) eontimu'H to exist i>rovi(le(l that the term irl-lz be rcplaoxd 
by —• ir/4z. 

Thus in summary we may say tluit thnninhaut any strlor {rerlex at z “ 0) 
of thv. z plant' lohioh tloi'it luit rontaiii. portioiu'i of Iho pure imayinary axis, the. funeiitm 
I<Xz) defined by (1) may he developed asymplotieally in the form 


m 


it TT 


a-i . , 

“t“ „-l “T' 


wherein, the upper or lower sitjn is to he taken neeordintj as ice are dealing with a 
seetor in which the real part of z is iiositire or negative. 

This result, whieh is at onee seen to be eonsist<'nt with the known relation 
(2), illustrates in simple manner the way in which asymi)totie developments for 
a jtiven funetion may he aseertaimal, at least in some eases, by means of the 
general theorems of Chapter I. This will be further illustrated in what follows, 
wherein we shall eventually eonsitler eases of mueh greater generality." 

20. In § It) we have eonsidered a.symptotie develojnnents of F{z) (ef. (1)) 
whieh are valid in seetors situated in the right or left halves of the a complex plane. 
We proceed to .show how the same method may yield analogous developments 
holditig for the upper and lower halves of the plane, exception being made natur- 
ally of those (pure imaginary) points corresponding to the values 


rt; (2/1+ l)i; 


0 , 1 . 2 , 


at whieh f(z) betannes infinite. 

For this let us consider the funetion 


I 




Hegartling z at firnt m mdt wa place 




(2 a' + 


1 

1)2 _ ^ 


and again undertake to apply Theorem IV with m — 0. Thin can be done only 
in cane in analytic; in w throughout the right half of the w plane, IIow- 


® In tl»n iiwtanre bt^fore uh it may Iw nhown that * a# • » 0. In faevt 

if we Hulmtilute in (?) thu ftmn for F{z) givtm by (2) we obtain 





^ 1 




IT r 1 “ 

”2z L 1 + 





wlu^ro th« low<*r «ign i« to bo takt‘n twcording m the; real part of z m poaitivo or negative, 

and thia relation m mnm to be true when at « a 4 » n® s® . . . « o. It in to b(; noted, howewer, 
that in gmernl if a funetion in defuuMl by aaerira of the type of (1) (ef. (12)) no formula analogous 
to (2) is at hand. "Flie indieatc^l method for determining tlie asymptotic development of the 
function, however, remains the same, thus leading to ccH'fficients a®, ai, oa, which are in 
general not all erpifd to ^ero. 
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iveij we are concerned with large valiu^H of |s| , and wlicncvor |s| > 1 it in evident 
:hat <p^{w) will have a pole of the first order witliiu the indieated region at tlie 
joint w = (z— l)/2 or w = — (2 + l)/2 aeeordiiig ns 2 is positive or iiegafive. 
Let us first consider that z is imiim'. We proeeed to ajiply (he tlteorejn, 
lubject to the remarks of § 11. 

Since the residues r^, r^' of the funetions 


2Tcitp,(w), 


2x1 


<rM 


1 


Aw — ^ = •|(z — 1) are reapeetivoly 


TT 

2u’ 


0 that 


2izii;'’'‘+ 1) 


Tf, — ll'p 


X r 


I 


•l« I I 


re may write (at least when a: > j(z I)) 
y_ - _ (i I. ‘ 

t, (2a: + 1)=“ - z» ' ^ 4 i2 '* + 1 


9) 


a elCs-i)-' C* \ 

I I I 


(h 

(2/+ 1)= 


:t2.r I 




1 which C» and are obtained hy eluniging z' to i‘- in ( l i and o'*i. 
But from elementary consuleratiouH, the third term in (it) rediu-e . to 


1. (a+ 1)(2/+ 1 - s) 

42 “’^( 3 ™ J)(2.r-|- 1 1-3)' 

ithence, upon allowing 3 ; to increase indefinitely we cditain (s - I ) 


. 0 ) 


$( 2 ) 


7r_ 1 I I sd- I 

= 4f2 e'<*Tl 2(1 - 2 *) + 4s '•’‘''s - I 



I 

(1 + 2iyf 


s? 


1 


(1 ~ 2<>i’ 



I 


id hence (Theorem V, Chapter I) 



here hi, hi, • • • are determinate constants. 

This result may now be generalimi to all values of 3 belonging to n mior S 
enter at z = 0) lying in the right half of the s plane, eseejition being made, as 
ready indicated, of the points 3 « 2n + 1 : n 0, t, 2, • • •. In fin t. we have 
it to suppose |2|> 1 to have in (10) two expressions tHpml fur jHMitive vnlues 
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of z uud each analytic throngliout /S' and lienee equal for all values of z in tlio 
Haiuc region.^ Moreover, th(\ last term in the second member (like the two 
preceding) is r<uidily seim to bi^ developalile in asc.endiug powers of 1/s^ thus 
Iciiding to a series whicli, in the s(mis(‘ of § 13, represents tlie same term asymp- 
totic^ally for nil values of z in S, 

Likewise, tlu^ saim^ relation (11) is found to hold true for a corresiionding 
sector in the Irfl half of the ])lane, exception being made of the points 

z ^ — (2n 1) ; = 0, 1 , 2, • • • 


so that, having r(^])lac(*d z by — iz, we may say in wsummary that throughout 
any .vector {irrUw at z — 0) of the z plane which docs fiot coniain portions of the real 
axU, the fane! ion F{z) drfuicd by (1) may he deirlopcd aHymptotically in the form 


m 


T c”^ — I Ih , b.\ 


This result is again hchui to be consistent with the known relation (2)d^ 

2L (leneralizaiitui of Kmrnple L Tin* metliod above illustrated for deter- 
mining asymptotii! developments is in general apidicable to functions F{z) 
defined by stwies of the form 


hun) + viz) 


where p(z) is an integral fumdion of z and where X(a), p(n) are functions of 7i 
such that Theorem IV, suhjeet to the remarks of § 11, may be applied to the 
expression 


fi(ir) 


m(«') 

X(ic) + p(z) 


in order to find for a given value of z the sum 



We observe in partieular that by taking p(z) — {q — iidegcr I* 1) the 
exi)r(*ssion F{z) (or the sum of a numhiT of smdi expressions) comes to include a 
wide variety of functions having radial clusters of polar singularities in the 
neighborhood of the point z » a eharacteristie common to many of the 
more important functions of analysis. 

In eases where cannot he considered as a function of the complex 

® It may Ih» nniuirkcHl Umt the laat term in the mn’cnul member of (lU) is analytic throughout 
H (l^l > 1) Ixicause the improper involved eimverges uniformly for values of z in any 

Euh»region *S" of H wluwt^ houndfwry tlts's not touch the iKumdary of *S’. {ill* Ostjoon, **10nayklo- 
piUlie cier math. 11, 2, § Ch) 

In view of the same relation it apjHiirs from (11) that in tlie prc'sent simple ease wa have 
5, w » ... sa 0 and that the symlml may ba changtHl to Cf. note 8, p. 35. 



Determination' of Asymptotic Developments 


ariable wi = a: + iy but is continuous in the real variable * -wc may freqiumtly 
etermine the desired developments by use of Theorems I, 11 or HI of ( 'Impter I 
subject possibly to the remarks of § 10). The maimer in which Tlieonmi I may 
e thus used will be shown in the following example wherein an important 
ype of function F{z) difterent from that of § H) is takim. 

22. Example To obtain asijmptotic dcvdopnwnte for the. fuiwlion 


F(; 3 ) = II| 1 




As in example 1, this function may be evaluated beforehand ami takes the 


lus furnishing a check upon our subsequent results. 
We begin by writing 


I) log F(z) = S log Fl + 1 =■ Urn X) log (j® + 2“) - 2 log X 

Prom § 12 we have 

SB—l 

— 2 Slog a: =s -- 2 log T(,x) » — log 27r — 2{x log x 


+ 2x -b wifa*): lim wj(x) > 0, 

7q proceed to apply Theorem I (dhap. I) with vi 1 to the fir.'it summation 
I the last member of (14), taking for this pur|)os(‘ /(x) log (x’ 1 a") nml 
ipposing for the present that ss is rml but (lilfereiit from zero. 'I'lie theorem 
lay be applied since the series (27) ((Ihaj). I) befomes 


fl.(®) = i:/'j|iiog 


+ Z^) ■ 


hich, as in (38), may be written in the form 


111 A I d* 

id is therefore convergent. 
Thus we have 


£log (x* + a*) = I log (1 gS) -|_ 


0 < 0^ < 1 


+ log (a:* 4- 8®)dx ~ | log (x^ + s®) + n,(x). 

See, for example, Tanneby, L c., § 121. 
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Moreover, 

f log (u*- + *=•• X log (o'® + 3^) — 2 j* 4- 23 arc tan * 

J z 

80 that hy eomhiiiiiig rclatums (14), (15) niul (Ki) vve obtain 


log /'’(s) ™ — log 27r " I log (1 ~ arc tan + 2 — 

+ lim j (j “ I) log ^ 1 + ^3 ^ 4- -3 arc tan ^ + coiCa-) + J . 
But 

lim (j- — I) log ( 1 -f* ;a ) t); li«i wi(>r) = 0; lim S2i(.r) = 0, 

an<l, Hui>i)08ing at first that s is ptmitipc, vfv .shall have lim 23 arc tan (x/z) =s ^z. 
Therefore, we may write (3 md > 0) 


(17) log I'\z) - log27r3+ ff3 - I log^l 4-^^ 4- 2^1 - sarctan^^ — fl/l). 

On the other luuul, if s is negatm we obtain 

log Fiz) ^ “ log (“ 27r3) ~TZ — I log f 1 4* “3^ 

(IH) 

4-2^1 — z arc tan fiiijCl)- 

We now olwerve that the expn's.siou 12,(1) >« a function of » which is single 
valued and analytic in any regiem whose hotnidary does not cross the axis of 
pure imaginaries. Whence, within any region Ai situatetl in the right half of 
the 3 j)lane, ecpiation (17) may la* u.sed, while .similar remarks apply to equation 
(IK) ftir values of z pertaining to atiy region As in the lejt half of the plane. More- 
over, if the boundaries of Ai and As are not tangent to the pure imaginary axis 
at 00, the function U,(l) vanishes like 1/s^ when Isj® 00 in Ai (or As) and is 
developable asymptotically by Theorem V, Chapter I, in powers of I/3* within 
tliia region. It therefore remains but to apply the result stated in § 15 in order 
to say that throughout any sector {wrtex ai z = 0) of the. a plane which does not 
contain portions of the pure, imaginary axis, the function Fiz) defined hy (12) may 
be developed asymptotically in the form 


Fiz) 



■+?+?+ 



wherein the upper or lower sign is to be taken according as we have a sector in which 
the real pari of z is positive or negative. 
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This result is at once seen to be consistent with the known relnlion (l.'i).'" 

23. We proceed to show how nsyniptotie (level()i)ineul.s for the /•'(s) of § 22 
may be obtained which will be valid in sectors that may im-lude the pure inniKi- 
nary axis. For convenience wc shall convert this problem into the following: 
“ To determine asymptotic develoinnents for the function 


(19) 


00 


F(iz) = $(3) - |I [ I 



which shall hold good throughout certain sectors that inehide the real s axis." 

Considering at first that z has a fixed, ixisitive, non-integral value :> 1 , wi> 
proceed (cf. (14)) to study the expression 

(20) Iliz) = lim 2h)g (a:= ” s") “ - X lug x , 

in which we agree to write log (.r® — a^) » log (s’ -- /') n! whenever .r «. z. 
Then = #( 2 ). 

In order to obtain a form analogous to (Ki) for the fir-sl .sum here appearing, 
let us place <Pt{w) = log ( 10 -1- z) •+• log («' — s), in which it is mnierstuod that 
the function log (w — z), considered as a function of the enmitlex variable w, 
is rendered single valued througliout the right half of the aspluiie by menim of a 
cut extending from the point w *= a vertically downwunl to tlie point «• x - , 
We shall then have 


( 21 ) 


Z)log { 3 ? - 2 ’) « T,<p,{x) « 23 log "f ~) ”!■ X)log U 






■SP- - I 


s) 


and we may at once apply Theorem IV (vi = 0) of Chap. I to the first -.mn in 
the last member, thus writing 


(B—1 


(22) 




+ J 

1 log (j- -f z 

where 


1 

(23) 

Qa(x) ^ — i j log 1 

' X + iy 4” 2 

— iy 4" 5 , 


‘h 

,.3«» { 


The second sum, however, can not he treated in the .siime manner owing to the 
presence of an essential singularity of the funetion logtie- 2 } at the i«.int 

^ this case a related method yields the tlesired result as we Hhall now* 

show. 

“ By means of (13) wo may sliow (cf. note «, p. US) ilmt in th.- pns«.|.t itwittaw 

Os » a4 « 0^ W » . . m 
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Lot iiH tiiko for tills purpoHo tho iiiti'i'ml of tlio function 

with rospoot to tho ooinplox vuriahlo w from tho point w— z~ij O' = any 
real, positive value, nrhitriirily lar^o) Hitmitod on the right sido of the above 
niontionod out, around tho open oontonr AHCDCl'lFGFHl indicated in the 
folhiwiipt figurt', tlio iiitogration torminatiuK at the same point on the left side of 
tho out, and it boinji; understood that the two closed loops CD and FG include 



rcMiiootivoly tin- points «• - 2, h, 4, ••-,}> and « p ■+■ 1, p + 2, — 1, 

whore p is the integer for whioli p < s < p d“ I ; it being understood also that the 
closed curve HCF.Fll forms a oirolo of arbitrarily small radius ^ with center 
at the point «■ s. 

It follow.-, from Ctli) of Chapter I that we may then write 


L I..K (.• - =) - X. *’■ 


where f7i and GF ileiiote respectively that the indicated integrations take 
place in tin' positive sense along the elosed contours (G) and GF. 

Whenee, we have also 


(24) 


X) h'K (-r 


e) hig (1 — s) + 




X 


/»(w) 

ip{w) 


dw, 


in wliieh imiieates an integration over the entire contour from A to I, while 
L indicates an integration over the open loop ABOhFlll. 
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Let us now replace C, as may evidently be done, by the figure in ]»irt reo 
;ilinear and in part semicircular AhcdefgUjhl whose vortioid sides (produeed) 
jass respectively through the points w = 1. w = .r. With the imderslunding 
bhat the radii of the arcs ji'A, ede arc each equal to e, we have now but to refer to 
the processes employed in § 8 to see that by taking y = oo w<^ may write; (2-1) 
in the form 


(25) 


^ log (a; - 2 ) = t log (1 — 2 ) — + r hig {to 

•-'A/ 


z)du' 


I log {z-z)- fL.(a-) + /<;(<) - dw. 


ivhere the path M extends from w == 1 to w == z over the curve IFFJ'x, where 
La denotes the path resulting from L by placing j ^ ao, wlu're U Jx) is the 
expression obtained from (23) by replacing 2 by — z and when* Fit) denotes 
in expression which becomes iufinitesinud with « and may therefore be at onee 
leglected. 

Now, 


:26) 


I log (w — z)dw = [(m» 
Jm 

=s {z ■ 

Again, we may write 


2 ) log {w - 2 ) - 

1) log (I — z) -f I 4* (-r — s) log (x — 2 ) 


X. 



dw 


27ri 


. log {w — z) log — 1) 


I rluKtr 1) 

2wiJ tr - 2 


(/«■ 


is appears by an integration once by parts, Whenei*, 

Xi*(w) - 11 ™. ~ i|, 

Jpon placing; = oo and making use of the relation a "*'• — I - U’«V " sin s-z 
b thus appears that the last term of (25) (the eoedieient - 1 inehided i i-* etpud to 
- log (— 1) 4- log (— 2i) — -riz 4" log sin irz hig 2/ — zh 1 log ain ».*. 

Let us now combine rclatioius (2()), (21). (22). (25) nml {2ii), availing otir- 
elves also of (15) and of the facts just observed eoneerning the hi;*t term of t25), 
Toting mutual cancellation of terms and placing x < « {j,,. re^dt. we 

rrive at the relation 


r( 2 ) = log sin T 2 - log 27r 4- log 2i - rta - § hig (I -- s’) 


+ .Cl). 

If we now write 

- J log (1 — 2 *) =a — log is — I log ^1 ~ ^ X * 1 4 2 log ~ ^ I 
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and tljon uitr(«hu’t' thr rclnlion 


IfiK 2r ™ hifj is -f- lci>{ 2t « -■ log vs 


we may therefore write 


His) - loK ™ i loK ( I - i ) + ( ^ + s loK J ^ J ) - l«.(l) + 

Siinilrtrly, we arrive at the .'tame re.Htilt when 3 ha.s a negative noii-integral 
value. 

Furthenijore, tlie fim'tiiui 


U.d) (■ SF,(1) 


m 

/ 


( 1 + ij/)® -- a* I rfy 


' ' J . ' M (1 “ 1 

in .Hiiigle valued ami atudytie througlumt the portions of the s plane lying to 
the right of the line s I f /// ami to the left of the line s «a — 1 iy wliile 
the .same funetion is developahle asymptofieally by Theorem V, ('hapter I, 
throughout the .sniue reghniH in the fitrm 

rtfl , «« , «s , 

K«>tiug that for the funetioji ‘l»(3) defined in (19) we have «&(•- ts) F{s) 
where is the original funetion ( 12), and reenlling also that 


sinirf-is) - er'‘ 

■ - .I t 

v{— n) 2 ff 3 

we may say iti eonelusion that ibroughnil any sector (teriex at s ^ 0) of the n 
jilanr which thwa not contain jHirtiima of the rent axis, the function F(s) defined by 
(12) may Iw ilrrrlujwd uaymplallcally in the form 

i + i'+!4+ • 

ZVZ I s^ s’ J 

This result is seen to Ik* eonsistent with ( 13 ). 

2-1. We prtawed t«i the following more general problem: 

Example .1. (Hem 

E{z) *11^1— “?s 'j 


tv X fr / , ® \ i IP - S 1 « 

according a# 0 < p < 1 or p S 1. To determine asymptotic demlapments for Fiz). 
“ We udopt the familiar Rotation e*p x for e*. 



This problem, in view of the important r6Ie which tlu; Fiz) tlms (h‘{hH><l plays 
in the modern theory of integral functions, has alretwly rt'ccivcd coiisidcrahki 
attentiond^ Our purpose here will be to deduce through a uniform method bnscal 
on the fundamental theorems of Chapter I the known results tog«-ther with 
others of a supplementary character.” 

We shall suppose at first that p is non-integral ami > 1 (p < p p } I , 
p = integer S 1). Also, for the present s is to be reganled as having any fixed 
value (real or complex) except one of the following: 2''^ • • •. 

The method then requires that we take for consuleralion the expressi«»n 
(cf. (20)) 

(27) Hiz) = lim F S log (*' — z) — <r Z log x + Z) > l/p 

in which the value to be assigned to log (x" — s) may hir the pre.sent he taken ijj 
any manner consistent with the equation exp h)g (x* —• s) - s x* — s. 

Then exp H(z) = F(z) where Fiz) is defined ns almve. 

We proceed to study the behavior of the finst term appearing in hraeket.s 
in (27) when x is large. 

Following the method of § 23, let u.s [ilace 

/,(») « log (w" - s), 

where w" is understood to be so defined as to be real whim w is real and positive 
and where the logarithmic function is uuderstoiMl to la* rendereil single valued 
in w throughout the right half of the «?-piane by means of a rer-tiliiiear cut ex- 
tending from the point w =« s'* vertically downwnnl to the point w t-. , the 
value of z'‘ being determined in aceonlnnee with the following is.inention.: if 
z = r(coa <0 + i sin Ip) then z^ « r^(eos -f i sin Pvr) suhjeet to the relalion 
— 2 t < p S 0. The function /,(«») having Ihh'Ii thus ilefined and defined 
uniquely for every value of w whose real jmrt is jHi.Hiti\ e, let us ni»vv imjH.se for 
the present the additional condition uimn s; vr/„. rml imrt nf s* • !; i. t-., 
r" cos pp > 1. Next, let us consider the complex inti-grid 

J^ dw; p(ia) « ~ 1 

“See Mellin, AdaSoc. Sc. Fmnkar, Vol. 'itl, No, •» (tWXl); lUnseN. , 

Vol. 199A (1902); LmoKatlF, Ada Sac. Sc. Fmntcm>, V«I, :n llwrj), jt. Kl, 
malm., Vol. 1 (lOm), p. 105; Mattson, " Contrihulknui k 1« lies rliln'frti ** 

(Tli5se, Upsalft, 1906); Harot, Quarterly Journ. aj Math., Vol. (IWXl). i.j, t jiS i;:* j muj., 
Armalt of Math., Vol. 2 (2) (1910), pp. n&-127. 

on oo be observ^ that this probhsn tliffmi* from thi' earlier amri" hjh"' tnJ } 5 1?*. 

20, 22 and 23 in that no formulae are at hand analogous to ( 2 ) ami U;Si hv ».• » n, J 
baorehand the charaet®: <rf the aolution. ITie |H<mmt protilt iii tl,t.r»t„re ilPmUrtOi, t,» g*«»l 
advantage the value of the methods wWeh we have been wditg. 
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taken from the point w = — ij (j = any real, positive value, arbitrarily large) 

situated on the right side of the above mentioned cut, around the open contour 
C = ABCBDEFGHGI indicated in the following figure, which contour, as a 
result of the above condition cos p(p > 1, necessarily includes the point w = 
within its interior, it being here understood, as in Fig. 2, that the point I is the 



Fig. 3 


one on the left side of the cut corresponding to A and that the closed loops BC 
and GH include respectively the points = 2, 3, 4, * • *, g and = g + 1, 
g + 2, • • *, (a: — 1) where g is the integer for which g < real fart < g + 1^®; 
also that the curve DEF forms a circle of arbitrarily small radius ^ surrounding 
the point w = z^. 

Corresponding to relation (25) of § 23 we thus obtain 

x—l ^ 

Z) log (a:'" — z) = i log (1 — z) — ftz(l) + I log (w°' — z)dw 
«=! Jm 

- I log (a:*" - z) + 0^(x) - Aw 

where M indicates an integration over the path IGFEDBx,^^ where L indicates 
an integration over the path ADEFI in which, however, the points A, I are 
now supposed to be taken at an infinite distance along the cut, and where Q,z{x) 
is given by the formula 

In case real part zp = q = an integer, the indicated loop EG, instead of containing w = q 
in its interior, will have this point upon its boundary. To obviate the difficulty thus arising, 
let it be understood in this case that the cut does not extend vertically downward from the point 
w ^ zp but first extends an arbitrarily small distance to the right of this point and then vertically 
downward as before. The reasoning which follows wiQ then apply. 

In case zp is real and > 1 the path M becomes the curve, in part rectilinear and in part 
semicircular, iFECx of Fig. 2; while if imag. part 2 P < 0 the path M may be taken as the straight 
line lx (Fig. 3). 
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(28) Q 


. r“Iog [(a: + iyy - z] - log [(a: - iyy — 2 ] 
.Xx)==-zJ^ 

n/^_ -Pi [ («:+ %)°' - g ~l dy 
Qz(.X) - tj^ log _ .^y _ g J g 2 ^„ _ 1 . 


,2iry ^ 


it being understood that the integrand of (29) is so defined as to be equal for 
all values of x and y to the integrand of (28). 

Now, an integration once by parts shows that 


Whence, 


j log — z)dw = w log {w'' — z) — crw — az J 

r r dw 

I log — z)dto = X log {x"^ — z) — ax az I — 

Jm Jm ^ 


w"" — % 


ax-- az 


- log (1 — z) + a. 


We have now but to recall the formula (15) to see that the first two terms in 
the square bracket of (27) combine into the following: 

x^l x-1 ^ 

log — z) — aJ2log X = —K log 27r — § log (1 — z) 

*=1 *=1 ^ 

(30) — 0^(1) + u(x) + 0 - + (x — I) log ^ 1 — 

r I o r ' rfziw ) , 

— a-z I — h 0«(x) — I — T-r dw. 

JmW” - z Jt<p(w) 

We turn next to consider the third term appearing in square brackets in (27). 
By use of the well-known relation^® 

V/JS 1 . 1 1 1 I I 1 1 > n / N \ feal part p > 0, 

fffl - 1 + 2i+ 3,+ • ■ ■ + ,-z:^+ ».{»): j 0 

n=oo 

wherein f represents the Riemann f function, we may write 


SSil?) ■Sf‘'”'’7+57(r^) + «-w 


^ (1 — <rr)x° 


lim f *(x) = 0. 


Whence, upon observing that the sixth term in the second member of (30) is 
of the form 

OO gV 

- 12 + y(x); lim y(x) = 0 

v=l *=00 

“ See Pbtebsen, “Vorlesungen iiber Funktionstheorie” (Copenhagen, 1898), pp. 161-169. 





fore write the original function F{z) in the form 


(38) 

f(2) = A(2)im. 


where 




^(a)“ , 

— V— 3 rlw 1 


and 

5(2) « exp f(o'»')*'+ ‘'>(2) - Ildl) ■ 


(39) 

“ 1 h>g 


Hill W 


I 




;)]■ 


Thus far we have supiMaiul 3 to have any value (reat or emuples) siieh that 
1, 2, 3, and mich that having plaeeil 2 ' nvun ^ j 1 «!« v'’) 
and agreed to write 3** = r^(ampy> + » hIii/jv') with >- 2jr y- ‘ t», we have 
r** cos pip > 1. We now proceed to stiwly in further detail the expression lUz) 
and for this it is desirable to remox^e for the im'sent all resirietions as regards 3, 
thus enabling us to determine certain func'tiiuial properties of tin- same expression. 

We turn first to the expresmon ii»(l) which apjwars in thz) ntnl whic h by 
reference to (29) is seen to he defined by llu* relation 

(1 d iy)" - 3 j dtj 
(1- »»•' -> 5 - I ■ 


(40) 


fl.(l) 


i I log 


For a given value, real or complex, of s this U,{ t ) evidently has a meaning unless 3 
be such that the equation (I ± iy)'' » s has a mil s<«lution in »/. In order tc» 
determine the values of a for which this hapiams, let us place 


3 » rfcoa ^ f t sin 

and make the conventions alrt*ady indiented n.s to the inentiing of z*. h'or the 
exceptional values in question wo must thetj have 1 p iy » r'Ceos ptp i i sin p<p\ 
so that the same values are those lying on the locus of the etpiation r' cos pv* I ; 
— 2 t < 9 S 0. Whence, if r be large the same values will tend t«t hax e an 
argument of the form — (2n + l)ir/2p wherein n is a jaisitive integer for which 
the same argument li^ between — 2?r atul 0. Again, if the locus just inent ioned 
be drawn, the 2 plane Is thereby dividcxl into (Mcrtions in each of which ildl ) 
is a single valued, analytic function of 2 , since within any sub-region T' l> ing 
wholly within such portion the convergence of the integral in ( Itt) is reitflily seen 
to be unborn. Moreover, if arg 2 ha# any value other than one of the exeeptional 
type just mentioned, we may write Um - 0. In fact, njmn reference to 

I • I mm 

Theorem V, Chapter I, it appear# that under such hyjaitheses we shall have 


0 ,( 1 ) + ^ + 2 + 


where the coefficients ai, a*, may be obtainml by exiainding the integrand 
of (40) in ascenffing powers of l/a and integrating term by term. 


we Uiru to the esi»reftsiuii A’(5) ilefum! hy (3.1). Since 

.en 

» 4- 

II* 


we iiiiiy mTile 


3 W*f(W’ - S)' 




~ a) • 


Whettee, rec iilling th«t M extetwlH tram w ® I tn ti> » /, we obtain the following 


(42) Su) - tf £ ^ gPtt f 1 

I I — tre J,v«’ ''('c* ~ s) J 


when? *V re|>renetiin the juitl) obtnined M by .soppoHiiig ar = 4" ®o. 

In the t-i>it'<iilernii<iti nf thi:« we have thus far considered that 

mi/ ptiri 2 ' • 1 null from « bnl has niready Iwen itotei! it follows that if we have 
tllw »«uij/ /iiirf • (J ue iiiny n*j»)nre i 12 ) hy 


(•W) 


.Sjg) '■« a 


<• =■ r .^1 


'riic form of (42) mny iiIho be HimitUlieii when imttff jmrt nf > 0 (real %)aii 
s'* > 1). In fart, we niav then write 


(44) 




2 ) 


/*• iljT /* die _ 

J, ~ a) J nf>'{ie* — a) ’ 


till* liiMi nymiml iiii ifitrgrittiiiii lo tlie {Hwitive sense about the 

drrie, 

lliiret:r%'^'rr, tlir lii:4, irmi of {44} m n*tt<iily evaliiiit«! and found to be equal 

tti 

Tliiii, mdirii iiiiiif |^irl > 0 (mil jmrt > 1) we inay write 


C4ri| 


Hiz) 


0p 


pm 

I 

Ji ^ 


dx 


4" 2ripn^. 


llirMr fiirtu briiiM jimuitinecl, let ita etifisider the profierties of the right menabor 
Ilf fill ii»tiiti|itiiiiifi iia reganln i ladiig liiki aiide for the moment. Evidently, 
the exfirr?i'.*iifui in reim^jauits a fimelifiR of s whieh is single valued and 

aiiiiljtlr ill imy frghui T mliielt dues not rut tlie jKirtion of the real a axis extending 
friiiti s 1 til 5 «. Jiltimivrr, wlmit |*|< 1 we ind upon eiqpanding 

ill fmiirr^ iif 2 that the mtm cx|irewioii is developable in the form 


(411) 


• Sm. 

- ffn” isp “ y' 


For Idrf f valur?« »*f | s j the propeitic* of the right member of (43) are now 

ft 
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derivable by means of the following Lemma which we shall state and 
this point and to which we shall have occasion to refer frequently tin 
what follows. 

LemmaP If the coefficient g(n) of the power series 

.A a = integer, positm, negatm or zero 

^ — I'adiw of convergence > 0 

is such that (a) when considered as a function giw) of tlu^ coinple.x 
w = a; + iy it is single valued and analytic throughout all iiortions ( 
plane lying to the right of (or upon) the vertical line w »•- a — -I + '> « 
a finite number of poles situated at the points w Xi, Xa, • • • , Xj, • • ■ , X„ ; 
teger s and (i>) is such that to an arbitrarily small positive (piantit: 
corresponds a positive constant K (independent of a- and y) such that 

2 ! 

< K exp «y 




for all values of a: S a — i and for all positive value.s of y .sufficiently Int 
the function /(z) defined by (47) when |3|< r may be extended ana 
throughout the whole z plane with the exception of the jiositive hal 
real axis, and throughout this region will be defined by the equation 


(48) 


m 


(- 1 )“ rgia-l + iyH-zr-*-^^ 


a 


%-Ei 


cosh Try ,^i 

in which, if we place z «= r(cos <p + i sin ^) it is supposnl that we writ< 
(- z)“-‘“’>' = exp [(a - 1 + iy) log (- z)l 

« exp ((« — I /yKlog r + n 


and take — 27r < ^ < 0 and in which r< represents the wshlue of the f»i 


(49) 

at the pole w = X».” 


rrs{w)i- »)“ 
sin TTW 


For the proof of this lemma let us at first aui>iK>.se for simplicity t! 
has no poles at the right of (or upon) the vertical line te •» a — | + ly 
us regard z for the present as having any fixed value. The lemma thei 
from a consideration of the result obtained by integrating the fiincti 

i*Cf. LindklOp, “Calcul des r&idus" (Paris, 1005), p. U)»; almi, Jnurn. 

Vol. 9 (6) (1903), p. 223; also, Bxdklin of Amer. Math. Soe,, Vol. 10 (2) (1010), p. 507. 

This condition is fulfilled from the fact that p(n) hna a meanini when n •• a, a f 
• • • . Otherwise the pven series (47) would lose rigniflcance. 

“ This condition is satisfied in particular If constant* Ci > 0 and r, ;;; f mkt i 
Cl < |»(w)| < Cl. 


about the rectangular contour Cn formed in the w plane by the lines 


tj; = (j — I + iy, w =» i -[- 2n + iy, » a- =h ij 

where n is any integer such that 2w. > a and where j is any positive quantity 
arbitrarily large. Upon applying (HO) of (’hapter 1 to the result of such ai 
integration, we arrive in the first place at the relation 


(50) 


22 g{n)z'' *= 


2%Jc, HJU vw 


Supposing at first that a is real and negative, we proceed to study the Integra 
here appearing in further detail. 

First, along the side of C„ upon which w x + ij we have dw *= dx anc 
sin irw = sin ir(z + ij) “ sinh TyXsin irx coth wj + i cos tx) so that if we cal 
the contribution from the side in question /, wc may write 


g) iJ l^-i -f J/)( — 3)* ___ 

2i sinh sin tx coth wj -f t c«i.h tx 


Whence lira I == 0 provided that 

jrnm 

(61) lim e~'^^g{x + y) " 0; a? S « — 

Jmm 

Similarly, we find the same result for the contrihutitni arising from the sidr 
of Cn upon which w = x — ij jjrovided, however, that 


(52) lim e ’’^gix — y) »= 0; x S ~ 

We observe that both conditions (51) and (52) aM' satisfied in the present case 
as a result of (6) of our hypotheses. 

Next, let us consider the side of upon which w =» | -f iy. Here 
we have dw = uly, sin irw “ cos ivy =» cosh vy so that having taken j ■* «> , 
the contribution in question becomes 


j ^ r !?(i + “» + %)(“ s)'* 




cosh vy 


dy, 


and it follows from (6) of our hypotheses that the improper integral here appearing 
has a meaning (a real and negative). Moreover, it follows likewise that if 
1 SI 1 < r we shall have lim J *= 0. 


Whence, if we now take account of the contribution arising from the remaining 
side w = o — J + fy of U«, noting that we here have sin wto «■ (— 1)®“^ cosh vy 
while the integration takes place from y «■ + » to y «• — oo , we may write 


hg(n)z” 


(- 1)“ r9ia-i + iy)(- 


X 


cosh vy 


dy. 


(63) 


This relation must hold good as we have indicated, for all values of z wlucli 
are real and negative and such that |z| < r. But the first member represents a 
function of the complex variable z which is single valued and analytic throughout 
the circle of convergence of (47) while the second member, with the conventions 
introduced in the lemma as regards the meaning of (- represents a 

function of z which is single valued and analytic throughout the whole z plane 
except for the positive half of the real axis. In fact, for all values of z in a region 
T which does not cut or touch the positive half of the real axis we shall have 
from the indicated conventions — t < (p < n' so that upon intrtxlucing {h) of 
the hypotheses it appears that we may choose « so small that the improper 
integral in (53) will converge tmiformly for all values of z in T. Whence, the 
same integral will have the analytic properties just inclieat(‘(l, and we rt'aeh in 
summary the lemma for the case in which g(w) has no pt)leH to the right of the 
line w = a — ^ + iy. 

That the lemma holds true in the more gtmeral (-ase follows at once upon 
noting that relation (50) then continues (n sufficiently large) providtal we add 
to its first member the expression 

m 

Ln. 

t-M 

Returning to the second member of (43) which is defined when jsj < 1 hv the 
series (46), let us now apply the above lemma to the latter series, taking for this 
purpose g(w) = l/(p — w). Since the residue of the fumdion 


(54) 


t{- 2 )“ 

(p — w) sin TTp 


y^eo 


at the pole w - p is - 7 r(- zY/sin rp, it thus apinuirs that for all values of z 
iom in the 

TTf— 

where 

(p + I — iyj cosh wy 
It bemg here understood that the expressions (-- zY and (- a) !* •> urt* to be 

ncos ^ + tsm cp) with - 2 t < < {), then 

md ^ >• + + iT) = r^[cos Pig, -f t) + t sin p{g> 1 

(- 2) I ty)(log r 4 . 

Upon referring to (43) and (44) it follows then, as reganls the expression 



S(,z) originally defined by (33), that throughout any region Ti of the z plane in 
which real part z** > 1, iniag part < 0 we shall have 


(55) 


S(z) = . + R(s), 

miTp 


while throughout any similar region T^in wlu(*h real -part > 1, iniag part z^ > 0 
we shall have 


Biz) = + 2ripz<‘ + if(z). 

^ ^ HUl TTp r . w 


Hence, according as z lies in Ti or fa the expression B{z) defined by (39) takes 
the form 

B(z) » exp C(z) or B{z) = exp + 27rfps^], 

where 

“ li K 0 »T - ! '“K ( > - 0 ” 

We note also that since It{z) is equal to l/2jri multiplied by the result oi 
integrating the expression (54) from // -- — so to y = -f" * along the lint 
M) = — I + iy it follows that we may replace H{z) by a similar exprt'ssion /f( 2 ) 
in which the path of integration is «' = — A- — | + ly [k = arbitrarily largt 
positive integer) provided this Riz) be increaseii by the sum of the resitiues oi 
the fimetion (54) at tin* poles m’ « I , 2, ■ • • , — ■ /,>. Moreover, since these 

residues form the first k tt'rms of a series of the form 


(5()) «o + ' • -f- ; tti, flj, • • • mmtanii an regartk s 

while lim z’’R(z) » 0 it follows that the original expression R(x) is developabk 

asymptotically in the form (56) (arg s + 6). 

It follows, then, upon reference to (38) and to the pro{)ertie8 which we have 
now established for f2*(l) and R{z) that we sliall iiave the ftdlowing relation in 
which the upper or lower of the double sign db is to be taken according as z is 
confined to fj or Tiz 


(57) 


F(z) 


2 sin TTz'’ 
yZitz^ 


r±«.-+tf(-')='+T'r=>'l. 

„»1 \pj V am rp J 


Upon ohst'rving that when imag pari s' > 0 the function exp ttis' is develoi)- 
able asymptotically in the form (56) with Wo ■“ 0, uj »= 0, •••, while the same 
is tnic of the function exp — irfs' when imag jHirt z" < 6, it apiKutrs that tiu 
above relation may he simplified into the following hohiing good for values of s 
in regions of either type 7’i or 7'^: 


m 


2 sin TTs' 
s. ex}) 

•Vests' 



sin TTp 


]• 


(58) 
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This relation, as we have noted, holds true only when real fart z'’ > 1. We 
now proceed to determine an analogous relation for any region T% in which 
real fart z** < 1. 

If this assumption be made at the beginning, the cut in the tt> plane falls 
entirely outside the rectangle bfgk so that we at once obtain (il2) except that 
the last term of the second member is lacking. Moreover, the expression S{z) 
takes the form (55) so that, upon writing log (1— z)==log (— z)+log (1 — (l/z)), 
we have 


(59) 


mz) = 


~log2,r-~log (-zy 



+ 


V .sin Tp 


+ im 


and hence 
(60) 


F{z) 




2^ , 5r(- 3)^1 
V ' sin rp J ' 


Before summarizing the preceding re.sults into a tlieorem it i.s de.sirahle to 
note certain corresponding results which may he obtained wiien i.s eonfuusl 
to the real domain (1, + «) — a case not included in the above discussion. 

If this assumption be made at the l)eginning tlie corresponding Fig. h In'Ctmuss 
that represented in Fig. 2, except that the cut extemls fnun the point w » s'* 
instead of from the point w = z. Thus we obtain equation (:i2) ns before with 
S(z) defined by (33) in which, however, the path M is now un<iersto<«! t«t In* 
iFEOx of Fig. 2. We arrive, therefore, at (3H) in which i.H dcfinetl a.s 
before, while B(z) is defined by (39) with S(z) given by (42) wherein N repre- 
sents the path IFEC + eo. In this form Biz) is now <ievelopuble (ns was (43)) 
when |z|< 1 into the form (46) from which we fitid as iH^fore tliut unless 


<p ■» arg z »■ 0 

the expression S{z) is given by (65), In other words, Sis) will be given by 
(55) when <p has any one of the following values (for which s* ns tUmve dcfinetl 
is real and positive) except the value ^ 0: 


(61) 



0T 

P ' 


2hr 
P ' 


2hr 

P 


> - 2w. 


Moreover, when <p == 0, S(z) preserves a meaning as apjH'ars frtmi (42), provided 
that z + 1, so that the same expression may be obtained from (65) when s < r 
is large by placing therein z == r(co8 (p-\- % sin ^), olwerving the indicated 
conventions as to the meaning of (- z)^ (- z)-*+<»' and passing to the limit in 
the resulting expression as <p approaches the value zero through negatiee v’alucs. 

Thus it appears that when z^ is real and jmsitive a,, when tp has any 


one of the values ( 61 ) — we shall have relation ( 57 ) in which the negative sign is 
to be taken before the expression viz'' which appears in the square bracket. 

Upon noting the various sections of the z plane which correspond respectively 
to regions of the types Ti, Ti and Tz, we thus arrive at the following 
Theorem I. Oiven the typical integral function of rank p {order > 0) : 




with the assumption that p is such that 7; < p < p + 1. 

If, having placed z = r(cos <p + i sin <p) we agree that z’’ and (— z)*" shall be 
defined respectively by the equaiiom 


z? a: r<>(cos p<p + i sin p^c); — 27 r < ^ ^ 0 

(— zY — r'’[cos p(<p + it) + i sin p{<p -f- x)) 
then for values of z of large modulus and lying tiyitkin sectors of the type 


— tt < <p < — ~ t; A: « 0, 1, 2, 3 , • • • ; — 2t < < 0 

we shall have 







sin Trp J ’ 


where f -is the symbol for the Rietnann ^function, while for values ofz of large modulus 
and lying within sectors of the type 


4A: + 1 4ji: — 1 A 1 0 u 

2p TT < ^ < — 2p ’t; A: - 0 , 1 , 2 , 3 , 


2T<y>£0 


we shall have 


'^ 2 'irz^ L I'ssi \p/ ^ J 


provided <p does not have one of the exceptional values 0, — 2jr/p, — 4x/p, — 6x/p, 

Moreover, for the exceptional values of ip just mentioned we shall have when la] 
is large 


F{z) 


2 sin xz'’ 

' is,. - 

■V2xz'‘ 


L \p/ ^ »in7rpj 


In the following figure the Heetorial regionn in(li<*atcHl, I and 11, represent 
those in which for large values of \z\ the first or second of the above forms 
holds good respectively, while the dotted lines reprt^sent the six^eial directions 
along which the tliird form applies. It is to he iinderstcxMi that the last radial 


uu 


XyJbXXLiXiiVlJLiNilXXUlN UX? XXiO JumJT 


line drawn is that upon which ^ = - 9r/2p, but that a complete figure would 
contain all similar lines upon which 

— k=0,l,2,--- and tp>—2T, 

zp 

the scheme of alternate division of the plane into sectors of types I and II being 
carried forward up to and including the last sector thus obtained. 



Fia. 4 


Upon noting that for values of z which are real and positive (s = r) we have 


ir(— zY 

— «z'‘ H — ; = — mr’’ + Trr’’ 

SlUTTp 


COS pr + i sin pw 
sin pT 


TTr" cot PT, 


it appears that the above theorem is consistent with certain results of IIahdy to 
be found in the Quarterly Journal of Mathematics, Vol. 27 (11)05), pag<‘ 158 (later 
correeted on page 373). For values of z for whidi ary s ^ + 0 the theorem 
is not altogether consistent with the results of Barnkh in the Philmoiihmd 
Transactions, Vol. 199^ (1902), page 470, since an equivalent to the finst of the 
forms above is there assigned to F{z) for all values of z such that (p + 0 (jsj 
sufficiently large). It is to be observed that both Baknkk and IlAtenr take for 
discussion the function F(— z) instead of the F(s) employed above. 

25. In the discussion of the function F(«) of § 24 we have thus far supposed 
p < p < p + 1 where p is any integer ^ 1, The corresiHuuling results for 
cases in which 0 < p < 1 may now be readily supplied, it being utiderst(KKl 
that F(z) assumes the first of the forms given at the beginning of § 24. 

Proceeding as in § 24, we obtain equation (27) as before except that the 
third term in square brackets is lacking. Whence, equation (32) ecmtinues 
except that the terms involving the function f are absent, while instead of (:13) 
we have 


S(z) — lim <T 



Thus it appears at ouce that ths tk$0T$M of § 24 kokh ttm whcu 0 < p < 1 


provided that the term 



there appearing he then omitted. 

26. We proceed to consider the remainiiig cases — viz., those in which p = p = 
an integer. The function F(z) is then defined by the second of the forms appearing 
at the beginning of § 24. 

Equations (27) and (30) are now obtained as before, but instead of (31) w« 
write 


V W i /"-i V _ V -Y A V 4. T ^ (.^ Y 




rM-+ 


2 , 


p^l 


.=1 V ■ crp)x'''^^ 

Moreover, the last sum here appearing is evidently of the form 
c + log a: + lim B^ix) «= 0 


+ ffs'’ S ^ + Oiix). 


where c represents Euler’s constant. 

Instead of (32) we thus obtain in the present case 


(62) 

where 


Hiz) = — w log 27r — I log (1 ~ z) - a,(l) + X) f (ffJ') ™ 

" Mml V 


(63) 


S{z) = lim jo- + (« — i) log f 1 — ’T 'l + erz’’ log x 

»m00 L \ ^ / 


a" 


+ E"- 

^ TZ'ivil — cry)a:'*“^ 


<rs 


r dw ~ 

Xta' - z_ 


The last term of (62) may now be evaluated as liefore, leading to equations 
(37) and (38) in the latter of which A{z) is defined as before while JS(s) is now 
defined by the relation 


(64) B{z) = exp 22 ^{erv) ~ + cerz’’ + 8{z) — «,(1) - i log ^ 1 — j . 

In order to study the functional properties of the present function S{z) we 
first note that 


(x - §) log ^ 1 - 








+ Onix); Urn ^3(j-) = 0, 


g -==5: 

^ivil — <rv)x''‘^'- ^iVX' 


,«■ r-»l 
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also that instead of (41) we may now write 


Whence, 

S(z) 


(ra^«+ ») ■ 

f- , 1 

Jj, «>(«»" - s) J 


' . r ^ j. 

= lim <r - - ffv 

xssco L, v—r 


( 65 ) 




Upon expanding [w{w^ - z)r in ascending powers of 1/s. supposing for the 
moraent that 1^1 obtain 


00 jgH-l 


P +1 r — ^ — - = - E -TTi (I - s) 

^ v^or + 1 , , 

« pm^ + h>g (S’— 1). 

Whence, under the present hypotheses relation (55) hoeoines replneed by 


fcJ z’' 


S(z) = E ' (s — l) 

^ — V 


or, since 

log (s - 1) = log s +• s^ log 


(-0 


?=1 Z' 


Z'' log 3-52 
I 


I 


(?+»)=■■ 


■',(e+ 

|2|> 1, 


we may write when [z 1 > 1 
( 66 ) 


S(z) 1- irtz" + z” log 3 + r(3), 

V 


where r(z) is an expression developable asymptotically in the form (56). 

The form (66) for S(z) is then that which corresponds in the pres«*nt ease 
to (55) — i. e., it holds for values of z confined to any rt'gion T\ sufficiently remote 
from the origin throughout which reai port z** > 1, iimg jmrt s’* < 0. The 
corresponding form for regions Tt in which real part > 1, imag part s*' > 6 is 
obtained (cf. (44), (45)) by adding 2iriz’’ to the right meralHtr of (66). Thus, 
instead of (57) we reach in the present case 


(67) J''(z) exp r07riz*’+ £ff;^^^ + ^(c— 1) + swings , 

^l2■7^z^ L v-i \ P / »' P J 


where 0 = 0 or 0 = 1 according as z is confined to Ti or T®. 

Upon observing that when imag part > 0 the function exp vizf is <levelo|>- 
able asymptotically in the form (56) with Oo “ Oi ** Oj “ • ■ • » 6, it apiM*ar» 


that (68) becomes replaced in the present case by 


2 sin TTz” 


F(z) ~ • ip-:: exp 


^^27rz^ 




zf 


~ (c — 1) + 2” 


logsj. 


This relation holds true, then, ■whenever real part > 1. In case real pari 
2 ” < 1 the equations corresponding to (59) and (60) become respectively 


im 


~ log 27r - ~~ log i-zy-i log 


(>-0 


Si#(l) "I" TTMt** 


+ 


’ Mi )\ 




_j_ _ (g _ 1) _j_ jjj* log 2 + r(z), 


Fiz) ~ jp exp 

'v27r(— s)** 




Finally, in case is real and positive, i. e., in case tp has one of the arguments 

2t Att Ott 


0 . - 


P 


V 


we find by reasoning analogous to that at the close of § 24 that B{z) will he. given 
by (60) and hence we shall have (67) in whic'h d = 0. 

In summary wc arrive then at the following 

Tiikokkm Il.*“ Given the iypiml integral fumilon F{z) defined in Theorem I 
together with the aemmptiim, that p *= the integer p. 

For valuee of 2 of large modulus lying mitkin seetors of the type 


4^ H" 2 4^ -j- 1 I ^ =* 0, 1, 2, 3, • ■ • 

2p ^ ^ 2p ^ I — 27r < «? < 0; »» arg a 

we shall then have 

F(z) ~ ^ "" exp r S f f ^ (<j -- 1) ■+■ s'* log (— 2 ) I 

^ ^ *^27r(- zy \pJ V P^ ' J 

f being the symbol for the Riemann f function, and c representing Euler's constant, 
while for values of z of large modulus lying mithin sectors of the tyjis 

_4k+l (A: = 0, 1,2, 3, ••• 

2p ^ ^ 2p ^ I — 2ir < ^ ^ 0; tp ** arg z 


we shall ham 
Fiz) 


2 sin vz 

'%7rz'> 


p 

exp 



+ ~J(0- I) + 2'> 



«€f. Mattoi'jh (I. e,), pp. 11^-17, 
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27. It will be observed that the integral function F(z) considered in §§ 24 _6 
is of order > 0. Baenes^ has also considered the corresponding problem for 
certain type functions whose order is eqml to zero, but we shall confine ourselves 
to the case treated above. 


Asymptotic Developments of Functions Defined by Powkk Seiiirh 

28. The results thus far indicated in the present chapter arc but indirectly 
applicable to the determination of asymptotic developments for functions 
defined by power series. This subject, however, is one of evident importance. 
We glia.11 now point out a general theorem in this field, resulting from the lemma 
of § 24. 

Theorem III. If the coeffident g{n) of the power series 


( 68 ) 


00 

^g(n)z'^; r = radim of convergence > 0, 

n=0 


may he considered as a function g{w) of the complex variable == a: + iy and as 
such satisfies the following conditions: (a) is single valued and analytic throughout 
the finite w plane except for a finite number of singularities situated at the jHnnts 
w = wi,W 2 , • • Wpy none of which coincide with one of the points w = 0, 1 , 2, 2, • • • , 
and (b) is smh that to an arbitrarily small positive constant € there corresponds a 
positive constant K (independent of x and y) such that 


g(x ± iy) 

g{^) 


< K exp ey 


for all values (real) of x and for all positive values of y stiffidently large, then the 
function f(z) defined by (68) (|;3| < r) will be such that for all values c>/ z lying in 
any sector (center atz = Q) that does not include the positive real ax'is wc nmy write 

m=l 3 r z* ’ 

where rm represents tjm residue of the function 


(70) Tg(w)(- 

sin TTW 

at the point w = w^. 

In order to prove this theorem we observe that for all values of z ex<*ei>t tho.se 
red and positive we may at once apply the lemma of § 24 with a taken as an 
arbitrarily large negative integer: a = - I, and write 

pi) ■ £,»(-.)»■= P + /(.) = -£r, + „(A 

“ See PhUosophicd Trans., Vol. 199A (1902), pp. 466-468. 
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UJ 


where aiz) vanishes to as high an order as the (Z + t^)th when |z | = <x>. Whence 
follows the indicated result. 

For example, let us consider the function 


(72) f(z) 

Here we may take 


■ ; p =i= integer < 0. 
P ^ 

1 

p W 



and the residue of (70) at the pole w = p is readily found to be 

7r(— z)'’ 
ri = ~v— 

sin 7rp 


Whence, throughout any sector such as indicated in the above theorem we 
shall have 


(73) 


m 


rri- zy _ 1 

sin irp (p -(-• l)z 


(p + 2)z^ 


This result ceases to hold when p =» a negative integer since the expression 
then has a pole of the second order at w = p. Such cases may, however, be 
treated by the same theorem. Thus, in particular, when p = — 1 we obtain 
directly 

log (- z) 

-z 

and hence, instead of (73) 


(74) 


m 


log (- z) 


i 

z*' 


1 

2?' 


3z^ 


This re.sult may be verified by noting that when p = — 1 the equation (71) 
gives 

log (1- z) 


/(=) = 


while the jKiwer .series apiMuiring in (74) converges when lzl> 1 to the value 
f log (I — 1/z) .so that (74) gives the .same form for /(z). 

29. (h'mmlmiiivm of Theorem III . — If for a given series ((58) the function 
g(w) is not single valued throughout the le plane, but contains q branch points 
w >= il'i, il'a, • • •, H'g, conditions («) and (h) remaining otherwise the same, the 
theorem continue.s true provided that, after rendering g(w) single valued by 
means of q cuts extemling vertically downwimls®* to infinity from the ^Kiints 
Bir»ea tlie »rif* ii|>|M*aring in eonviTgaiii far j^j > I the eynilwl may be eliiitigtici 

to »*. 

^ Maw In my cltre€*tlo« timdliig to liifirilty hi tho riglit liidf of tho plan© or Torticully 

upwarik or ilowawiurtlii. 
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W = (m = 1, 2, • • •, g) respectively, we subtract from the second member of 
(69) the expression ^ 

m=l 

where represents the loop integral (assumed to exist) of 

1 g(w){- zr 
2i sin irw 


taVpn in the positive sense from the point w = Wm — to the same point after 
surrounding the (one) branch point w = Wm. This result, in fact, appears 
directly upon reference to the demonstration of the theorem. 

We note that in case the point w = Wm coincides with a point of the type 
to = mentioned in the theorem, the corresponding value of r„, is to be neglected, 
the term Om then being evidently the only one of the two to be retained. 

A particular type of function f{z) to which Theorem III and these supple- 
mentary remarks apply is the following, discussed by Barnes 




^ z^x(n+d) 

^0 (n + ey ’ 


6 = constant 4= 0 or neg. integer, 
(8 = constant, 


where xO-h) is regular at the origin. Besides this, Barnes considers the corre- 
sponding problem for certain special types of functions for which condition (b) 
of Theorem III is not fulfilled. Of these latter may be especially mentioned 
the function 

A z” 8 = constant 4= 0 or neg. integer, 

^ ~ (n -f 8)®r(n +1)’ /3 = constant, 


for which it is stated^^ that for all values of z of large modulus we may write 
Ff{z-, 6) ~ <p^{z, 6) 4- f ' ] ’ 

where «?j(z; 6) represents the loop integral of the function 


1 zT(-s) 

2wi (s+ey 


taken over the path in the s plane extending from the point j = — oo -f- imag 
part (— 8) to the point s = — 6 and return,^ The values of an, ai, Oj, • • - , are 
abo given. 

This function Fp(z; 6) typifies an important class of functions, viz., those 

which for an appropriate value of arg z become infinite like e'z* (k = const. y 

* PMUmpMcd Transactions, Vol. 206A (1906), pp. 267, 272, 282 
®i.c.,p.265. 


r KSM^es in further detail the properties of this-loop integral, expressing it in tho 

M ^oQuarterly Jovm. of Math., Vol. 37 (1906), p. 

^ seg; also iW., Vol. 38, p. 116 et seq. 
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when 1^2 1 is large. In this connection the following more general statement 
seems probable,^ though a rigorous proof of it cannot be supplied by the author 
at present. 

If the function g(n) appearing in the coefficients of the power series 


/(^)=E 


gin) 


^onn+l)‘ 


may be considered as a function g(w) of the complex variable w — x + iy and 
as such satisfies the following two conditions (a) is single valued and analytic 
throughout the finite w plane except for a finite number of singularities situated 
at the points w = wi, W 2 , • • • , (none of which, however, coincide with one 

of the points w = 0, 1, 2, 3, • • •) and (b) is such that there exists a constant 
(real or complex) ^ for which the function 


ffW - r(i - » 


is developable in the form 
^>0 , 


Giw) 


h 


(75) 

where 


w + ^ ' (w + i8)(w + /3 + 1) ^ {w + /8)(m + /3 + 1)(w -h /3 + 2) 

bn + €n(w) 


+ ••• + 


{w -h P){‘W + + 1) + • • • (w H- j8 -f «) ’ 


lim €n{w) = 0; —Z^arg-w^~, 

I <«) 1 =00 " ^ 

then, for all values of z of large modulus we may write 

f(z) ~ ^ rm + (— “I" IT ‘ 1 ’ 

m=l L Z Z Jj 

in which Tm represents the residue of the function 


7rg{w)(— z)^ 

r('w; + 1) sin TW 


— r(— w)g(iw){- z)^ 


at the point w ^ and in which the coefficients bo, h, • • • , are determined 
from (75). 

2^ Erom considerations based upon the relation 

1 r (-z)^dw _ /1\ 

2i J T{w -b k) sin 'irw ^ \ z ) ’ k = constant > 1, 

p ^ ~ ^ = polynomial in 

where the indicated integration takes place in any closed (infinite) contour embracing the points 
tfj =0, 1,2, 3, 

^ No mention has been made in the present Chapter of a class of power series whose asymp- 
totic forms have been studied by Diems and Vawron. For a concise statement of their results 
see Theorems I and II in Valiroji^s paper, '^Sur le calcul approch6 de certaines fonctions enti^res ” 
Bnll. de la Soc, Math, de France, Vol. 42 (1914), pp. 252-264. * 


CHAPTER III 


THE ASYMPTOTIC SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS 

30. The oldest and most fully developed aspect of the theory of a-symptotic 
series concerns the so-called “ asymptotic solutions ” of linear differential ecjua- 
tions. In the present chapter we shall undertake to give a summary of the 
principal results (without proofs) that have been obtained iti this field, with 
indications as to certain noteworthy questions still remaining unanswered. 
Corresponding results and questions for linear difference equations will also he 
briefly considered. 

Real Variahle 


31. Confining the attention at first to the case in which the independimt 
variable x is real and positive, the investigations referred to may he said to 
cluster about the homogeneous linear differential equation 


(1) -I- a2(a:)^(«-2) ^ ^ Oni^^y = 0, 

whCTein the coefficients ai, az, • ••, On are assumed to be developable for large 
positive values of x either in convergent or asymptotic series of the form 


Orix) ~ X 


,rk 


[ /» _L I ^ I 1 


1 , 2 , 


, n. 


k being zero or some positive integer.^- In this equation the point z = oo i.s 
m general a so-caUed “ irregular point so that the usual “ normal solutions ” 
about the point z= oo, as provided by the well-known theories of Fuciih, 
^me to involve power series in 1/z that are dwergent for all values of z.* Never- 
thetm, Ae same solutions continue to satisfy the equation formally^ and it 
^ be shown that they represent asymptotically, in the precise sense of § 13. 

solutions. In fact, we may begin by citing the following note- 

orthy theorem first established rigorously by Hoen‘® 

*Cf. PtCABD, I.C., § 23 . 



( 2 ) 


TO" + ffll. oTO" ^ + • • • + On, 0 = 0, 


are distinct from one another, equation (1) possesses n linearly independent 
solutions 3/1, 3/2, • • •, 3/n valid for large positive values of x which are developable 
asymptotically in the forms 


(20 


yr 




1=0 




r — 1, 2, • • •, n. 


where /r(a:) is a polynomial of degree ft + 1 in the coefficient of whose highest 
power in x is 7 nr/(ft + 1 ), while pr and Ar. s are constants® with Ar, 0 = 1 .”^ 

If in this theorem the restriction be removed that the roots of the charac- 
teristic equation be distinct — i. e., if multiple roots be present — the theorem 
fails and we at once encounter a problem for which no general solution has as 
yet been obtained. However, Love® has recently made a noteworthy advance 
in this direction, his theorem (wliich manifestly contains the above as a special 
case) being as follows: 

If, other conditions remaining as stated above, " the characteristic equation 
has I roots mi, m2, • - • , mi, occurring respectively tii, m, • • • , n/ times (ni •+■ 712 
+ ■“ + ni = n) and such that no multiple root of the characteristic equation 
is also a root of the equation 


(3) Oi, im"^^ -|- fl2, iTO"~® 1 «=» 0, 

then the equation (1) possesses a fundamental system of solutions j/r,® (r «= 1, 2, 
q= 1, 2, • • •, «r) developable asymptotically in the form 


Vr.i 






where /r, q{x) is a certain polynomial of de^ee fw{k 4“ 1) in the quantities 
Pr.ff and At, q, i, y are determinate constants, and At, g. o “ 

Love has furthermore considered in detail® the equations (1) of the second 
and third orders, including the cases in which (3) is satisfied by a multiple root, 


® The precise yalues of the ooefficienta of ff{x) and of the constants (ht Arj may be deter- 
mined by the method of undeteradned coefficients sdfter substituting yr in (1). A aimilw remark 
should be understood with reference to the/r,g(®), etc,, that follow*. 

^ Historically, the first form of equation (1) to be studied in this connection was tbat taken 
by PoiNCAEifi in which Oi, os, • • •, are rational fractions, thus pommdng no otibar singularities 
than poles at a: « w . See Ada Math,, Vol. 8 (18S6), pp. 295-^, 

® Cf. Anrwh of Math,, Vol. 15 (1914), p. 155, 

® Love does not use, at least directly, the method common to the gimter part of Hoek’s 
work, viz., that of successive approximations, though the latter could doubtlc« be employed to 
the same ends. His method rests rath^ upon certain gm»al studio of Dim to be found in Vol. 2 
(1898) of the AnnaK di McU., pp. 297-324, wherein the equation (1) of the fith order is first eon- 
varted into a Volteera integral equation of the second kind containing n arbitrary functions, 
termed '^auxiliary functions,'' and the latter (equation) solved by the usual proews of iteration, 
thus yielding forms of solution for the original equation (1). Through the arbitmrinw existing 
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xxjrxu XJfV;^VJ-ClLX * 


and has arrived at complete results for these orders.^® Thus, for n 2 we 

have the following 

“ In the differential equation 

y" + h{x)y = 0 

suppose that h(x) is a real or complex function developable asymptotically for 
large real positive values of a: in the form 

h{x) ~ 6o + ^ + 

where ifc is 0 or a positive integer. Then, for the same values of x equation 
possesses two linearly independent solutions yi, yi such that (a) if h 4= 0, L e., 
if the roots mi, m2 of the characteristic equation + &o = 0 arc distinct, we 
may write 

+ •••], r=l, 2, 


]• 


where 


rrirX 


.A+i 


Mx) jj. 4. 1 - 

(6) if 60 = 0, &i + 0 we may write 

■^r, 1 


(XT.-hX'° 


k 


+ OCr.-lX; 


Vt 

where 


<Xt,~\X^ 


frix) = 

(c) if fc = 60 = 


ctr,_2ii-ia:*+* , ar,-2Jfca:* 


H" 5- k 

0 we may write in general 
Ar.X 


f ••• + 


2/r~a:'’’- 1+^H j, »'=1, 2; 


(d) but if P2 — Pi or, in general, if P2 — pi is a positive integer we have''-* 

^the choice of ttee auxiliary functions, the resulting solutions, though frequently r<.«.i.n,-.Ue,i, 
are of great fleabihty and it thus becomes possible to adapt them to a wide variety of invt-Hli- 
wiT; f ® the Annan di Mat. .^tending 

ter ti f ooMidored in th« jm««mt idiap- 

S ^ solutions that are valid for largo (positive) valtu* of * 

^ ^ problem becomes merely that of showing that the auxiliary function* mav Iw el.oiM.n 
“ Of T solutions are developable asymptotically in th« mnmi of } ta 

“ a. Am. /oa™.o/JlfafA.,Vol. 34 (1914), pp. 165-166 * i,j. 

..(« ”! - ■' i" <0 


Keal Vabiable 


yi ^ x‘ 




2/2 


yi log * 4- A^, o + + ' ' * ] 


The complete result for the equation of the third order is as follow 
“ In the differential equation 


y'" + h{x)y' + c{x)y = 0 


suppose that b{x) and c(x) are real or complex functions developah 
totically when x is large and positive in the forms 


b{x) ~ a:^* j^&o + ~+ • • ■ j , 
c(a:) ~***| Co+^+ •••1, 


where k is 0 or a positive integer, and suppose that b'(x) also has an a 
development. Then for the same values of x the given equation has thr 
independent solutions yi, yt, yz possessing asymptotic developments i 
(a) If the roots mi, mj, ms of the characteristic equation 


m* + bam + Co = 0 

are distinct, we may write 


where 


Vr 


g/rC'fJj.Pr I 1 _|_ 




f » 1, 2, 3, 


/r(a:) 




(6) If mi 4= mj = ms we may write in general 

yi ~ 1 -f + • • • J , 

yr ~ 1 4- + • • • 4- 0 + ' + ■ • ; »■ * 


where /i (a:) has the same form as in (a) and 


_mrX*^^ 0!r,-2fc-lX*^* , Olr.-ZkX*' 

jrw - j -h i- 


4- -•• + 


Clr.-lX* 


(c) But if in (b) ps = ps, or in general if ps — ps is a positive integei 


y^ 


' y2 log X + , 


is, 1 


]. 


where /i (a;) and/ 2 (a:) have the same form as in (a), 

(d) If mi = m 2 = m 3 and either ci 4= 0 or bi = ci 
write 

Sr, i 


0, C 2 =4 0 we ma^ 




[’ 


A 


■r, 1 


X 


+ 






) 


+ 


where 




a.i 


X 


•)] 


r = 1 , 2 , 3. 


, nirx’^^ 


oir.-sh-ix’^i , 

2 T r. I 1 r 


+ 


«r, - 1 *^ 




^ + f + I 

(e) If Cl = 0, 61 + 0, yi, 2 / 2 , ys have expansions of the same form as in ( 6 ). 
(/) If ^ = Ji = Cl == C 2 = 0 we may write 

Ai, 1 


yi ~ iC'” 1 + 




' -^yi log X + a;M ^A2. ( 


]■ 


l2, 1 


]■ 


ys ~ Byi log 2 a: + a:^> log a: [sj. o + ~-+ • • • J + a:« o + * + • . . J . ” 


IS 


™e the complete results for the equation ( 1 ) of order n r*; 4 have not as 
yet been obtained, a careful examination of those just given for n - 2 , 3 throws 
light upon what the corresponding forms may be expected to he Moreover 
in co^ection ^th this question the following result should be noted- ' 

l^et T(a:) be one of the system of functions 


(3)' 


and put 


' a:(log a:)i+- ' Hog a:(log log a:)>+^ ’ ' ’ ' ' (" > «) 


X oo 

Tix)dx. 


refer to ^ + »». - m, while (rf), {«) ami (f) 

tLena; = oo is a regular point of the ® for b(x) anti c(x) eonviii^fi for aJI bj > ^ 

«» .hid to »d h«»ih th, to.JL ^ „ 

^ port, of tho .hmctoriatio wiuotion all hav.. tho 


14 

same real 


7‘- ^ P. 136. The result has rec^^v beenTi VT;^ 

Amencan Journal of MathmaHea. “ established m its entirety by I,ovk in the 


Suppose now that in the differential equation 

(4) + [ui + + [a2 + + • • • + [on + 0Ln{y 

the functions o:i(x), 0 : 2 ( 3 :), • • •, o:n(a:) together with their 2n — 1 deri\ 
continuous when x is suflGiciently large, and suppose that the cha 
equation 

(6) + • • • + On = 0 

has I different roots m, y,i, , m occurring ni, nz, ■ ■ - , ni times re 
(«! + 712 + • • ■ + ni = n) and let n' be the largest of the numbers ni, >, 
If one of the functions t{x) exists such that for sufficiently large \ 

(6) r= 1,2, ••.,72,- ^ = 0, 1, • ■ -, 2n - 

then for the same values of x the equation (4) has n linearly indepen 
tions 2 /i, k(x) expressible in the form 

Pi. kix) = + e.-, *(a:)]; i = 1, 2, • • -, Z; k= 1,2, ■ 

where e,-. h{x) vanishes at infinity to at least as high an order as tha 
while further 

y^^x) = + fi. i. ,(a:)]; a = 1, 2, • • •, ri, 

where lim f = 0.” 

It is to be observed that for the special case r(a;) = 1/a:* this res 
to an equation of the form (1) (wherein k = 0), and furnishes the “ 
terms ” of developments for the corresponding solutions y,-, *(*)• 
by a sufficiently critical examination of the form of u,h{x), these dev 
could be identified with asymptotic developments in the precise sens 
For the type of equation considered, the result is seen to be in every set 
so far as the possibility of multiple roots in (6) is concerned, exce] 
restrictions (6). These latter when interpreted with reference to (1) : 

(7) Or, . = 0; r = 1, 2, 3, • • -, »; a = 1, 2, 3, ■ • 2?!.' — ; 

and hence come to impose unfortunate restrictions. However, the r 
decided value in showing that all further studies upon the problen 
may be limited to those cases (assuming multiple roots present in (2' 
(7) are not satisfied. 

Com flex Variable 

32. Passing to the corresponding studies upon (1) when the in 
variable * is allowed to take on complex values, the existence, form 
of the asymptotic solutions have been completely discussed by Bi] 
case the coefficients Or(a;) (r = 1, 2, •■•,%) are developable in conver, 


(1*1 >i? = constant sufficiently large) and under the assumption that the 
roots of the characteristic equation (2) are distinct.^ Corresponding results 
when multiple roots are present in (2) do not appear to have been thus far ob- 
tained. 

Birkhoff’s essential result may be summarized as follows: 

“ Representing by mi, nh, • • •, ?w„ the « (distinct) roots of (2), lot there be 
drawn from the origin (St = 0) the N = n(n — l)(k -h 1) rays (“critical” 
rays) determined by the equation 

real part of [(m, — = 0; 

Let the angles which these rays make with the positive real axis in the order 
of their increasing magnitude be denoted by ri, tj, • • •, and place r.vn == ti 

-[- 2Tr. 

Then, corresponding to the sector Tm ^ arg x < Tm-n there exists a set of 
fundamental solutions yr (r = 1, 2, •••, n) of (1) developable iisymptoticully 
in the forms (2)' where /r(*), Pr and Ar,j continue to have the meanings (here 
indicated. 

The set of solutions sati.sfying (2)' in the sector (rm, rm( 0 differs at most 
by one solution from the set satisfying (2)' in the adjacent sector (rmn, rmta)."'® 

Linear-Difference Equations 

33. If instead of (1) we take for consideration the linear difference equation 

(8) y{x +h) + ax{x)y{x + h — 1) + aj(*)y(* -f A — 2) -h f- a„{x)y{x) = 0 

wherein the coefficients oi, oj, • • • , On are assumed to l)e developal>le ft»r large 
positive values of x either in convergent series or asymptotically in the forms 

(8)' ar(x) ~ *’■* j^Of.o + 4- ’ r «« 1, 2, • • • , n, 

“ Trans. Am. Math. Soc., Vol. 10 (1909), pp. 4(i3-4tl8. BmKHorr conHiders, in«t«‘»d of (1), 
the system of n ordinary linear ©quationa of the first onUir: 

(i « 1, 'i, ■ ■ «), 

Jml 

in which for |a;| > Ewe have 

(Hi (x) m + oi, + * . . + + ai/t+e j • (i, j * 1/2, » • • , wl, 

the characteristic equation than becoming 

- 0; Bii m 0 if i^j; Bii ^ I if imj. 

The equation (1) may be transformed into a system of tho form (^) by |diii*lfig pi 

y% ^ «« which case we find q ^ k. Thus, wlifitewr aiiplicn to (A I 

applies to (1) as a special case with q » k, 

m hnportant case in which the eoeffideny «,(«) of (1) ar© rational imlymmmk wm dk- 
cussed m a smm of eaa^Mar papere by Hoen wh^ rmulU §m sumniwiiiMl by Vam ¥i*Kes In tlni 
Boston CoUoquiuia Lectures (1905), pp. 85»-92. 

For the precise nature of this dependane©, aee BiaKiiow, I. e., p. 4118. 



h being zero or a positive integer, we have, corresponding to the first result cited 
in § 31, the following: 

“ If the roots mi, m%, • • • , ?n„ of the characteristic equation 
(9) m” + ai,om"“^ = 0 

are distinct and no one of them equal to zero, equation (8) possesses n linearly 
independent solutions yi, y%, • • •, valid for large positive values of x which are 
developable asymptotically in the forms 

(9) ' yr ~ [r(a: + r = 1, 2, ■ ■ n, 

where Ar,o = 

In case (9) has multiple roots, or a zero root (a»,o = 0) the principal results 
thus far obtained appear to be those of Nobuund who employs asymptotic 
“ faculty series ” and allows the independent variable x to range over complex 
as well as real values. Using his notation and including for the sake of complete- 
ness the case of distinct roots, his results are as follows:*® 

" Given the linear difference equation 

(10) i2Pi(x)u(x-i)^0, 


where the coefficients are faculty series of the form 


Piix) = + 


Cl 


(i) 


+ 


Cl 


(i) 


( 11 ) 


a: ■+■ 1 (* + l)(aJ + 2) 






(0 


(*+ l)(a: + 2)(*-f 3) 


i “» 0, 1, 2, ’ • • f k 


all of which converge throughout the right half of the x plane.*® Suppose first 
that the roots ai, ai, •••,«* of tke characteristic equation 

(12) 4" Co^*^Z*^* cjC*) ss Oj Co^O) Q 


are distinct. Then there exist k solutions «i, tri, • • ■ , of (10) such that through- 
out the sector — (7r/2) -jr e < arg x < (w/2) — e (e arbitrarily small and > 0) 
we have 


(13) 


Uj ~ af 


r(a: 4- 1) 
f(a:-py 4-1) 


<pjix), 


where py is a constant and v^ix) a faculty series of the form indicated in (11). 

Cf. Horn, Joum. /*• McUh., Vol. 138 (1910), p. 159. 

** “Kongelige Danske Videnskabomes Selakadis drifter” (M5in. de I’ Acad. Roy. Soiences 
et d^ Lettres de Denmark), Vol. 6 (1911), pp. 317-318. It would appear that the proofs of the 
results here stated have not as yet been published except in part. 

A very broad class of smes of the form (11) have this property. See for example NraiaoN , 
“Handbueh der Theorie der Gammafunction,” Lmpsig (Teubner), 1906, § 90. 
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In case (12) has multiple roots and af is an n-f old root, N oeltjnd distinguishes 
at the same time an (« - p)-fold root of the equations 
i:cp«z^*=0; p= 1,2, •••,«- 1. 

a=0 

(2) These conditions are not fulfilled.^ 

In (2) no asymptotic development eidsts of the form (13). 

In (1) there exist n linearly independent solutions «,(*);«= 1, 2, • • •, « 
such that when - (t/2) + €<argx< (t/2) - e we have 
u, ~ a/'i’«(a:) ; 5 = 1, 2, 3, • - • , n, 


where 


r(a: 4- 1) , / N ^ _L 

^o(*) f(S^,'+T) 3;: T(x - p. + 1) 

+ ^iri(a:) ; 


r(*+ 1) 


dp." Tix - p, + 1) ’ 


the expressions <po, <pi, being developments of the form (11). 

If some of the roots of (12) are zero or infinite, it is necessary in order to obtain 
a system of fundamental solutions to use a series of substitutions of the form 

u(x) = [r(a;)]'‘’-«<'‘’->(a:) = r'‘'(a:)w<'*->(;c) 

and determine fir so that the difference equation in M<'‘'^(a’) shall have a charac- 
teristic equation containing at least one root which is finite and difbTcnt from 
zero. It is always possible to determine in but one way a Hcries of Jiuinbers 
Ml, fn, • ••, ftm such that the total number of roots which arc finite and different 
from zero in the corresponding characteristic equations thus obtained is exactly 
the order k of (10).^® If, whenever a multiple root occaira in one of these charac- 
teristic equations, the corresponding conditions under (1) are satisfied, then 
there exists a system of fundamental solutions of (10) each of which is asymiJ- 
totically represented within the sector — (7r/2) 4* « < arg x < (ir/2) — « by a 
series of the form 

r'‘4a:)%*$.(x). 

Exceptions occur, however, when some of the numbers fir are not integers, since 
the coefficients in the above-mentioned difference equations arc then no longer 
developable in faculty series of the form (11). For example, supiKJse “ ft 
rational fraction p/q. We may then put x = pz, u{x) <*• v(s) and derive from 
(10) a difference equation for ®(z), thus demonstrating the existence of solutions 
expressible asymptotically in the forma 


““ FOELUin), Acta Math., Vol. 34 (1911), p. 16. 




Important studies of (8) when x is complex and under the assi 
the roots of (9) are different from zero and distinct and that th 
arix) are rational fractions developable in the forms (8)' (wherein th( 
then converge for all |a;| sufficiently large), have been made also fc 
and by Bibkhoff,^^ with the essential result that there exists a sysi 
mental solutions G(x) « yu y%) yz, • • • , yn developable asymptd 
respective forms (9)' throughout the right half of the x plane, and 
time there exists a second system 11 {x) s 2 / 1 , y^j * • yn of f undame 
developable likewise in the forms (9)' but throughout the left half 
Moreover, the elements of the system G{x) when considered in 
plane possess asymptotic developments other than (9)' whose fori 
arg x passes through any one of certain radial directions seco3 
rays ”) lying in the second and third quadrants,^^ while similarly 
of H{x) when considered in the right half plane are developable ai 
in forms differing from (9)' and changing as arg x passes through 
directions situated in the first and fourth quadrants. 

Returning again to the case in which x is regarded as real and 
assuming further that it is confined to integral values, we have, cor; 
the last result stated in § 31, the following 

Let r{x) be one of the system of functions (3)' and put 

CO 

Ti{x) = 22 T(a:i). 

arissa;.fl 

Suppose now there is given a difference equation 

[ao + ao(a:)] 2 /(a: + ?^) + [ai + ai{x)]y(x + n — 1) + - * 

(14) 

+ [an+a, 

whose characteristic equation 

aQijJ^ + + • * • + = 0 

has I different roots /xi, ti 2 , * • * , occurring ni, n%, ni times 
(ni + ^2 + • • • + ni= n) and let n' be the largest of the numbers ^ 

Ada Math.j Vol. 36 (1913), pp. 1-68; also CompL Rend,, Vol. 148 (1909), 
22 Trans. Am, Math. Soc,, Vol. 12 (1911), pp. 243-284. As in Ms studies on li 
equations (cf. footnote, p. — ), Bikxhoff considers a system of linear difference 
first order. In order to identify the forms (9)' with those occurring in Ms resu 
observe that 

r(a; + 1 ) ^ + , 

See for example Hoen, Math, Anncden, Vol. 53 (1900), p. 191. 

For the precise statement, see Birkhoff, 1. c., p, 277-278. See also p. 271 
^ Cf. Lovb in Am. Joum, Math. Obtidned earlier by Ford in case all root 
teristic equation have the same modulus (Annali di Mat., Vol. 13 (1907), p. 328 
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If a function t(z) exists such that for sufficiently large values of x 

!• = 0, 1, 2, • • •, n, 

then for the same values of x the equation (14) has n linearly independent solu- 
tions y,-. hix) expressible asymptotically in the forms 

Vit k(,X) ~ H” ^ “ 1^ 2, ' ■ Z, h 1, 2, * * •, fli, 

where e.-, k vanishes at infinity to at least as high an order as that of ri(x).” 

Summary 

34. A comparison of the results noted in §§ 30-33 would indicate that the 
study of the asymptotic solutions of either the differential equation (1) or the 
difference equation (8) is already in a fairly satisfactory state provided the 
assumption be made throughout that the roots of the characteristic equation 
are distinct, but much remains to be done in those cases where multiple roots 
are present. In fact, it is only for the equation (1) of the special orders n = 2 
or w = 3 that we find what could be described as a complete discussion, and 
even this has thus far been carried out only for the real variable a:. 



CHAPTER IV 


ELEMENTARY STUDIES ON THE SUMMABILITY OF SERIES 
35. Introduction . — ^The divergent series 

(1) l~l+l-l+l-“l+-“ 

was regarded by Exjleb^ as having the sum ^ on the ground that the e 
1/(1 + x) gives rise by division to the series 

(2) 1 — + • • * j 

so that in particular (placing a; = 1) one must have 

(3) i = 1 - 1 + 1 ~ 1 + 1 - 1+ *.•. 

In general, the sum of a series (convergent or divergent) was taken 
number most naturally associated with it from the standpoint of mat 
operations. This conception, however, naturally led to inconsistenc; 
by developing the expression (1 — x^)/(l — x^) into the form 

(4) 1- x^ + x^- x^-^ + a;2m _ . . 

and noting the result when a; = 1 we obtain for the series (1) the sum nj 
of 

The notion of sum as thus loosely conceived was eventually replac 
exact definition of Abel and Cauchy according to which the sum of t 

(5) ao + ai + ^2 + <*3 + • • • 
is taken to mean the limit 

(6) s = lim (ao ri" 4* “h • • • -f" ^n) • 

n=oo 

Series for which this limit exists were termed convergent, all others diw'i 
Of the two classes of series thus arising, the former occupied almost e: 
the attention of the immediate successors of Abel and Cauchy and ti 
extent that all divergent series came to be regarded as of questionable 
indeed of doubtful significance. It is a noteworthy fact, however, t 
and Cauchy themselves never ceased to regard divergent series w 
interest and with the belief that such series should by no means be banii 
analysis for the mere reason that they fell outside the pale of the ; 

1 o liia+.rkTn<^oT <ir»/>r»nn+. oaci "RriT>T?.T. am* liifii "D 
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definition (6). Each felt on the other hand that the subject presented a rich 
field for further research. 

Only since the time of Weiehsteass has the question thus arising — mz., 
whether any numerical significance can properly be attached to a divergent series 
—been scientifically attacked and in large measure answered. The avenue of 
approach has been chiefly through the so-called boundary-value (Grenzwert) 
problem in the theory of analytic functions.^ Thus, Feobenius^ showed in the 
first place that if 

00 

(7) E 


be any power series having a radius of convergence equal to 1, then 


( 8 ) 


lim E = hni ■ 


I + gl + ^2 + • • • + gn 

n-H 1 


where = ao + ffli + 0^2 + • • • + ««• This was shown to be true, at least, 
whenever the limit indicated on the right exists. Now, the first member of (8) 
is naturally associated with the series (in general divergent) 


(9) 


00 



»=0 


so that it becomes natural to associate with the latter the sum 


( 10 ) 


s = lim 

n=oo 


^0 + gl + g2 + • • • + tf n 

n -H 1 


I 


whenever this limit exists. Formula (10), regarded as a general formula for 
defining the sum of any given divergent series (9), finds additional justification 
in the demonstrable fact that for any convergent series (9) the sum as defined by 
either (6) or (10) is the same — i. e., formula (10) is consistent. Moreover, this 
selection for s is seen to bear an interesting relation to the early statement of 
Etjlee noted above respecting the particular series ( 1 ), since, when applied to ( 1 ), 
it gives at once s = ^. 

In the present chapter certain general studies are first undertaken (§§ 30-40) 
upon a few of the well-known, standard definitions for the “ sum ” of a diver- 
gent series. The definitions selected (which include (10) as a simcial case) 
are subjected in turn to a number of tests which it is believed any such definition 
may well be asked to satisfy, and the results attained are summarized in § 41, 


» lor a description of this problem see Jaheatjs, “Das Verhalten dor Potenzreihen auf dem 

dargesteUt,” Programm des Kgl. humanist. Gymnaiiiums 
Lud^afen a. (I 901 ), pp. i.gg. See also Kkow, “Grenawerte von Rdhen M der 

Annaherung an die Konvergenzgrenze,” Dissertation (Berlin, 1907) 

’ Joum. fur Math., Vol. 89 (1880), p. 262. 


The underlying principles guiding the development of these §§ are i 
the Preface and hence need not be repeated here. 

In the latter part of the chapter the essential properties of “a 
summable ” series are considered (§ 42) and this is followed by a fe\ 
mentary theorems and remarks on the theory of summability in gener 
being suppressed when reference can be readily made to them elsewhe 
36. Definitions of Sum . — ^Let any given series (convergent or dive 
represented by 

( 11 ) iun 

ns=0 

and let us place 

n 

naO 

If (11) is convergent let its sum be indicated by S, if divergent let thi 
signed to it by whatever manner be indicated by s. 

The definitions for « to which we shall confine our attention* are a 


(I) 

where 


( 12 ) 


s = lim 

naBOO 


s 

r a= fixed integer ^ 0 (CesIbo)/ 

r(f + 1) • * • (r + 


=s= ^ 


+ 


nl 




(f + 1) (y + 2) — > (r + ^) 

nl 


Under (I) is thus included as a special case corresponding to r = 1 the 
(10). The kmt value of r for which the second member of (I) exists is « 
degree of indeterminmy of the series (11). 


^ We have confined the attention to what may be called the older and best kno^ 
definition, (I) and (II) being connected with the early studies of HOldbe and CbsIb 
boundaiy value (Greniiwert) problem for functions .defined by powar smes (see § 35] 
remainder, specially (III) and (IV), are connected with the independent and no 
studies of Boeel upon divergent series. A form of defimtion prominent in the n 
literature, especially in England, is that of Ribsz (CompL Eend.y July, 1909): 

s « lim ^ ( 1 - ; r *« integer ^ 0. 

n»«o w«0 v ^ / 

There should be mentioned also the following definition of Du La VAnniE Potrssiisr (. 
la doBBe dee Smnce$ de VAcadimie Boy ate de Belgi^, 1908, pp. 193-254): 



A n(n — 1 ) (n — k + 1) 
W+ 1) (^ + 2) in + k) 


Uk 


)■ 


For a gemrcd study of possible forms of definition, see SinvBBMAN's Th^s On the d^i 
sum of a divergent seri^^^ in ^e scientific publications of the University of Misaoui 
1913, pp. 1-96. 

® BvMeUn dm Bdmmm Math. (2), Vol. 14 (1890), p. 119. Chapman has extended 
tion to include fractional valuw of r (Free. London Math, Soc,, Vol. 9 (1911), pp. 36^ 


(ID 

where 


r = fixed integer ^ 0 (Holdbb),® 


s = lim 

w=oo 


(HI) 

where «(«) is 
of a) 

(13) 

(IV) 


' = 5«, 

= -4t (^0®^ + + • • • + s„'0^), 

n-v i 

5 .® = - 4-7 («o 0 ^ + Si® +•••-!- S„(«), 
w + 1 

J (r) = —L-, + • • • +Sn^’“^0- 

n "h i 

s = lim f'^sia) (Borel)/ 

a=+0O 

defined by the following series (assumed convergent for all values 


nmo n> * 


s(a) 

X oo 

e~°-u{a)da (Borke),® 


where u{a) is defined by the following series (assumed convergent for all values 
of d) 

(14) u{cc) = Eja". 

I e~°-Up{<x)da.] p == fixed integer S 1, 

0 

where 


Up{a) = (mo -f Wi + • • • -h «;p_i) -I- {up + Up+i + h «ap_i)a 

+ («ap + h «ip-i)o^ + • ■ • . 


(VI) 

Ji) 

-)7,(a)da,® 

where 



(16) 

jr / s 

p = fixed integer S 1 


37. Consistency of the Above Definitions . — ^It is at once to be assumed that 
any tenable definition of sum for divergent series must be such that in the case 

“ Maith. Annden, Vol. 20 (1882), pp. 636-649. 

’ Cf. “Lejons,” p. 97. 

* Cf. “Lemons,” p. 98. 

» Due to LbEot. Cf. Anndles de la FaciM des Science# <fe Tovlmm (2), Vol. 2 (1902), p. 217. 


of a convergent series it gives s — S. This property of a definition is < 
consistency}^ We proceed to establish the consistency of all the above d 
by a uniform method based upon the following general lemma in the 1 
limits.^’- 

Lemma . — ^Let Sq, si, s^, Sn, ■ be a sequence of quantities (real 
plex) such that lim Sn= I and let ai^^\ • • •, ■ ■ ■ be a 

w»oo 

of positive quantities (weights) dependent upon a parameter p (ind 
of n). Also let it be supposed that the expression 


^3? 00 

has a meaning for every value of p in a given sequence P of positive 
which increase indefinitely to + oo. If, then, p be allowed to inc 
definitely ranging over the values in P we shall have lim Sp = I provi 

3938 + 00 

(A) lim = 0, 

E 

nmO 


where m is any fixed positive integer (independent of p and n). 

Proof . — We have by hypothesis #n = ^ + «»; lim «» = 0 and it si 

tiSiOO 


show that lim Dp = 0, where 

pmoo 






ft,aO 


By writing 


E«n 


n»0 nmO nmm+l 


and then placing a„ = Z + e„ in the last term here appearing we obtain 

E («» - + E 




*lseO 


1 


«*o 


^0 Of. Beomwich, Infinite Series” (London, 1908), § 100. 

“ Cf. Foed, American Journ, of McUh., VoL 32 (1910), p. d20. As toe gaaai 
lemma was first obtained and appli^ to the discussions of the piwent chapter by Mi 
in his th«is entitled On the Characteristic Rroperties of Sum-Fonnuto in the oi 

Series,” University of Michigan, 1911, 


mence, if we indicate by a positive quantity such that g„ 
1, 2, • • •, m, we may write 

22 


|«i| ; * = 0, 


|Dp| ^ {gm + KD"* 


nssw+l 


«=0 


n=0 


This relation holds good for any preassigned value of p belonging to P and 
for any preassigned arbitrarily large positive integral value of m. The same 
having been once established, let us now choose an arbitrarily small positive 
quantity € and then take m so large that 1 6„ | < e; n = m + 1, m + 2, • • • . 
We may then write 

n=OT+l L ««0 


Whence, 


m 

Pp < (gm + I ^ I ) ~n I" « 


1 


m 


from which the desired result follows as soon as we introduce the hypothesis (A). 

38. We may now easily show the consistency of definition (I). For this 
purpose let us take P in the lemma of § 37 as the sequence of positive integers 
0, 1, 2, 3, • • •, and let be defined as follows: 


On 


(P) = 


r(r 4" 1) • ■ • (r “h p — n — 1) 


= 1 when 


(P 
n = 


- n)l 
PI 


On 


(P) 


when n < p; 

0 when n > p. 


Then Sp = where Sp^''^ and are given by (12). Condition 

(.4) of the lemma is satisfied since 


m m, 

lim ”-=5 = Km 7 - , "TS ^ r-r—c 

E 0 4~ 2) • • • (r p) 

n=:0 p I 

= lim r — 1- — -L • . . 

p=oo L ^ + P ^ (r + p)(r + p — 1) ^ 


Thus we have the 


, »•?(? l)j ■ • (P —3.+ 

(r 4- p)(r -j- p — 1 ) ... (|. ..j. p — 

desired result: 


lim Sp = lim s„ = S, 

J>»»0O It_» 


provided the latter Kmit exists, i. when (11) is convergent. 



The consistency of (II) follows directly from that of (I) if we m 
the following established result: “If the limit s defined by (II) e 
given value of r then the limit a defined by (I) exists for the same vali 
conversely. Moreover, the two limits a are the same.” In view of 
it appears that formulse (I) and (II) are coextensive both in applici 
in the values of a which they associate with a given series (converj 
vergent). As the proof of the indicated result is lengthy, it will be omi 
To show the consistency of (III), let P be taken as the continue 
p S 0 and let = p”/nl. Then 

5o + SiP + #2 2l~^ • • • 

= e-i’s(p). 

l + p + |^+ ••• 


Condition (A) is satisfied since 


(16) 


0. 


Thus the lemma yields the desired result; 


(17) 


lim d~^a(‘p) = lim ^''a{a) = lim « S. 

pm«i fitmoo nmdOt 


In considering the consistency of (IV), we first note that when ( 
vergent, lim Un = 0. Whence, if we apply the lemma of § 37 with a 

naoo 

= p^jnl, noting also relation (10), we obtain 
(18) lim dr%(p) *= Um e-*u(a) “ lim «i„ «= 0, 

pmm «SKC0 

where «(«) has the meaning given in (14). 

Now, from equation (17) togetibier with [«~“tf(o!)]«-o “ we may ' 

<S - % = jT 
But 


A. 

dot 


[e~“«(a)] = 6 *[a'(Q:) 


- «(«)], 


where 


£ 

da 


aia) <= a' (a) = + 


Whence, if we note that 

d o? 

^ti(a!) = tt'(of) = a'icc) — s(a) «= tii + «2a + ’ '< 

See Foim, L c,, pp. 315-^26. Ako Sc«nis®, Mcdh, Anndm, YoL 67 (1§W), 
In viw of tMs rifiult w© ^ball omit tk© detdOied disou«an of (II) tbron^out *^0 pK 
all statemente r^pecMng it bmng identical witib obtained for (I). 
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we liave 

S-Uo = e-‘‘u'(a)da. 

Whence also, upon integrating by parts, 


[ “loo ^00 

e^{u(a) — '^o} J + J uojda. 


IntrcKiucmg (18) together with 


e'°‘u^da 


we readi the desired relation: 

( 20 ) 


J ^oo 
0 

^00 

I e'~'^u(a)da — S. 
Jo 


Definition (V) is at once seen to be consistent, for when (11) converges to S 
so also does the series 

(l% + + * • * + ^p-l) + {'^p + '^P+l + • • • + 'W2p-l) 

+ (W2p + ^2p+l +•••“!- U^p^l) + • * • , 

and by applying (IV) to this series we obtain the desired result: 


X oo 

e~’'^Uk{a)da = S, 


likewise, the consistency of (VI) may be shown by use of (20) for it is merely 
the applcation of this equation to the series 


wherdn p — 1 zeros are inserted between each term and the preceding term 

m (11). 

The Bmiftdary Valvs Condition , — ^It is well known that two definitions 
sum, both consistent ” (§ 37), do not necessarily give the same sum to a 
pven divergent series. In other words, consistency alone is not an adequate 
imnc^yle upon which to base a scientific theory of summation because it does 
not ii^ire umqueness of sum.^® A theory free from this objection may be 

^ See reittaarks ia Rreface. It would appear that many of the formulae for sum suggested 
within ree^ years have been obtained from considerations quite regardless of the question of 
uniquenesa 



attained if (having demanded consistency) we confine the attentio 
series (11) for which the corresponding power series^* 

(21) fix)^i:UnX- 

nssO 


has a radius of convergence equal to 1 and then agree to retain those 
of sum for which 

(B) s = lim /(a:). 

a;=l-0 

This procedure is in line with the historical genesis of the theory of si 
and allows the theory a well-defined usefulness in the study of analytic : 
Indeed, if a general, self-consistent theory is to be formulated, it woulc 
it should contain (B), or an equivalent condition, though such a 
evidently tends to limit the immediate range of applicability of the 1 
particular class of series (11) (cf. Preface). 

Having assumed, then, that the series (11) is such that the power 
has a radius of convergence equal to 1, we shall undertake to deteri 
present § those definitions of sum which satisfy (B). Definitions 1 
property we shall speak of as satisfying the boundary mlue condition. 
We begin by showing that definition (I), satisfies (B), i. e., 

(22) lim S'WnS;" = lim 

fisaO naaoo 


whenever the latter limit exists. This may be done as follows by tht 
lemma of § 37. 

Let the «» of the lemma be taken as Then place z 

so that as z ranges from a to 1 (0 < a < cc) the quantity p ranges fron 
to •+• 00 ; also take = i)n^’'’(l — 1/p)"- The expression Sp of 
then becomes 


S, 


S f 1 - - E (1 - a;)-(^» E 

nmO \ ^ / nsssO W.3a0 

Ei>»«(i-“) E 

%a0 \ jP / WasO 


(1 - «)■ 


It is to be observed that this series is formed by supplying the successive pov 
(11) beginning with a;®, thus excluding, for example, the series (4) in connection wi 
of (1). This choice of f{x), though arbitrary, m evidently the most natural and i 
Mkely to residt in a theory of summability having us^ul supplemental relations to t] 
value problem. 

w Some sum-formulae, such as (IV), § 36, not only satisfy (B) when applied i 
for which (21) has a radius of convergence equal to 1, but they have the further j 
they presm’e a meaning in certain re^ons in which lajj > 1 and in these re^on 
analytical continuation of (21) (cf. § 44). 


so that 


lim Sp = 

jpssOO 


00 

lim £«na:”. 

»»!— 0 nasO 


Let us now confine ourselves, as may be done without loss of generality, to 

values of p pertaining to the sequence P ^ 1, 2, 3, • • •. Condition (A) of the 
lemma is now satisfied, since 



“ , (>•+ i)/, I C’'+_l)C^„+2) 
‘ + + 2> 



I 


which expression is evidently equal to zero since the denominator has a meaning 
for all p > 0 but becomes infinite with p, while the numerator remains finite as 

P = CO. 

Applying the lemma, we may therefore write (22) as desired. 

We turn next to definition (III) and shall show that (li) is again satisfied, i. e., 


(23) lim = lim 6~‘«(a), 

asnl^-O ‘K’SsO 

whenever the latter expression has a meaning. 

For this purpose we first note that for any series (11) (convergent or di- 
vergent) for which the second member of (22) exists w(s have in the notation of 
§36 

(24) ^[e-Xa)] ==■ «“*[«'(«) -«(«)]“ (a): [«"*«(«) )«.® * Wo 


and hence 

(26) lim e““tf(a) 


Mo + J^ ^[«~*«(a)]da ■» Mo + jT e"*u'(a)da. 


Conversely, it appears from the same relations (24) that for any series (11) 
for which the last member of (26) erists, the second member of (23) exists also 
and we have relation (26). 

This premised, let us return to the series (21). Since this series is convergent 
when 1*1 < 1 it follows from the consistency of definition (III) that when 
0 < * < 1 


“ lim «f^a^(a), 

WnO aaiQO 

where s^(a) represents the function 9(a) corresponding to the series (21). Whence, 
upon applying (26), we have also 



(26) Z^'u-nX”' = Mo+ I e~°-u' (ax)da; u'{ax) =-^-u{<xx). 

w=0 Jo <J0L 

Assuming for the moment that the integral here appearing converges 
for all values of x in the interval a < x < l;a>0we now have, usi 

00 ^00 

lim = Mo + I e~'‘u'(oc)da — lim e~“s(a:), 

m"sl““OnsiO Jo as=oo 

thus reaching the desired relation (23). 

That the integral in (20) converges uniformly for values of x in tl 
a < a: < 1 may be established as follows: Place ax = y and subsequen 
a: by 1/(1 + 6). The integral under consideration thus takes the forn 


(27) 



e~%~^u'{y)dy, 


so that it now suffices to show that (27) converges uniformly for all 
in the interval 0 < 9 < b; b (1 — o)/a. 

Now, the integral 


(28) 



e~«u'(y)dy 


converges, as appears from (25), when w'e make use of our hypothea 
second member of (23) exists. Moreover, the expression 6~^ is p( 
steadily decreasing as y increases and it becomes equal to 1 for all • 
when y =» 0. We have therefore but to apply Abel’s test*® for tl 
convergence of definite integrals to reach the desired result concerninj 
We proceed to show that definition (IV) also satisfies condition (i 

eo 

(29) lim 23 = I g~’-u{oi)da, 

0 nmO Jo 

whenever the latter expression has a meaning. 

From the consistency of (IV) we have in the first place 

«e pm 

lim 22 Mn*" “ lim I e~‘u{ax)da, 

rf-srl—O »3ss0 {ra»l-«0 Jo 

so tliat it suffices for our purpose to prove that 


(30) 


lim I 

Jo 


lim I e ''u{ax)da 


pm 


e~°'u{oi)da. 


“ Cf. Bromwich, 1. c., § 171 (2). 
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Placing ax = y and subsequently replacing x by 1/(1 + the integral 
in the first member of (30) takes the form 

^00 

(1 + ^) I e~^‘^e~yu{y)dy 


aad we may now show by applying AbePs test, as in the discussion of (III), that 
thk integral converges uniformly for all values of 6 in the interval 0 < 0 < &; 
& > 0, with which the proof of (29) becomes complete. 

Definition (V) does not in general satisfy condition (J5), as appears from an 
example. Thus, let the series (21) be 


1 

1 + X 


= Z(- 1) 


n=0 


n^n 


and take p = 2. 
zero. But, 


Then u^^ia) = 0 and hence s, as given by (V), is equal to 
lim E (- l)”a:” = :j-;^ = 

a:=I-0 n=0 i “1“ i 


That definition (VI) satisfies condition (B) may be readily inferred from 
^^asoning s imil ar to that followed in connection with (IV). Thus, from the 
<x>njastency of the definition we have 


(31) 

where 


00 ^00 

lim ZM»a:"= lim | e-^Up,^(a)da, 

x =± l—0 ,1=0 0=1 — 0 t /0 


Upon pladng x = the second member of (31) takes the form 


<32) 


lim r 

atel-O Jo 


e 'll p{az)ioc, 


is defined by (15). Now place az = y and subsequently replace z by 
1/(1 + S), Expression (32) then takes the form 


^ ^ (1 4- 0) J* e-^e-^Up 

&M3e the int^ral ~ " 


iy)dy. 


r 


e~^Up(^)dy 

«f * in tie inS « “.r fVfTt oo”™rgent for aU values 


» m tie mteraJ 0 < « < 6. wUch tie proof is at once completed. 

UE. c., p. 121 * 



40. Fundamental Operations . — ^Besides being consistent and satisf 
boundary value condition (JS) “ it is evidently desirable that the sum 
to a numerical divergent series (11) shall, at least so far as possible, b 
which the usual operations applicable to convergent series are preserv 
operations of this type which we shall consider are the following: 

(C) If s represents the sum of the divergent series (11) by a given c 
then the series 

00 

(34) k = positive integer 

shall have a sum by the same definition such that 

(35) = a — («o + + • • • + Wfc-i). 

Conversely, if the series (34) has a sum a^*^ by a given definition then 
(11) shall likewise have a sum a by the same definition and relation 
exist. 

(D) If with a given definition of sum, the two divergent series: 

(36) Jlun, 2] IV 

TlsttO natO 

have respectively the sums ai, Sz, then the series 

00 

Z) (^^» ± tv) 

shall possess by the same definition the sum Si d= aj. 

(JS) With the hypotheses stated in (D) the series 

00 

Wn =" UoVn + 'UitW-l + ♦ • ♦ + V^lVi + UnVo 

shall have the sum SiSt (at least after certain additional conditions 1 
placed upon Un and Vn analogous to those imposed when two convergent 
multiplied together), 

We begin by showing that definition (I) satisfies condition (C). I 
evidently suffices to suppose it = 1, since a repetition of the reasoi 
from this to the general result (35). 

For reasons stated at the beguming of § 39 we shall continue throughout the ] 
regard the ©ven mnm (U) as belonging to the clai^ for which the corresponding j 
(21) has ft radius of oonYerg®aca equal to 1. Ihis hypothesds, however, plays no 

deductions about to be made. 


(37) 

where 


OTUDIES ON OUMMAJtllLilTX 


Placing 


= ‘Wo + + • • • + Wn 


O^n = Wi + ^^2 + • • • + 'Wn+l, 


„ r(r + 1 ) , r(j- + 1 ) • • • (r + n - 1 ) 


r, ,,, , , r(r + 1 ) , , r(r H- 1 ) • • ■ (r + n - 1 ) 

= (Tn + Wn-i ^ ;rj <rn_2 + • • • i “ ~ ' <To, 


D„W = 

we are to show, then, that if the limit 


(r 4 - l)(r + 2 ) • • ■ (r + n) 


= lim 


exists so also does the limit 


52 = lim 


and that Si — uo + 52 , with the corresponding converse statement. 
Since 5 , 14.1 = mq + ffn we have 


o fri _ p _ I _ ,»■(»■+ 1 ) , , r(r + 1 ) • • • (r + « — 1 ) 

= CMo + O'tv + ra-n-l + 2 ] + • ■ • H ~~~M 1 — (To 


where 


Whence, 


^ _ 1 I , I Kr + 1 ) , r(r + 1 ) • • • (r + n - 1 ) , 

c - 1 -I- r -1 21 h • • • i « 


~i)^ ^ l)n^ Dn+1<^> " • 


The desired result (both direct and converse) now follows upon noting tha 


r ^n+l« , 

hniTyr"^a=5 1. 
nwoo 


As regards definition (III), it appears from an example that this does noi 
always satisfy (0) . Thus, consider the special series (11) for which «o, Mi, « 2 , • • 
are so determined that 


sin («“) = «o + (mo + Mi)Q! + (wo + wi 4- « 2 ) ^ + • ■ • . 


For this series we have 


5 — lim e““ sin («*) = 0 ; 5 ^^^ = lim e“* f-psin («*) — woe* = lim 

“=“ a=« L®“ J - 


cos (,er)—u 


so that although 5 exists, the same is not true of 


In this connection we may, however, establish the following noteworthy 
result: 

If the series 

00 

(39) E Mnj f = Q,l,2,Z,---,h 

nap 

are each summable by (III) to the respective values s, s®, • • •, then 
relation (35) is satisfied.” 

In fact, with s„ and (r„ defined as in (38) and with 

s{a) = ^0 + ^ + • • ■ , 


cc' 


<r{a) = <ro + cria + <r2^ + 




= Wo6“ + 




we have, since Sn+i = oio + <Tn, 
s(a) = Wo + (wo + <ro)oi + (^^o + f i) + • • • 

Or, since or„ = o-n+i — 

s(a) « «oe“ + (<ri — «s)a + (<r 2 — Ws) ^ ‘ • 

e~*«(o:) »= Mo + e~V(a) — e~“w'(o:). 


or 


Whence also 


where u(a) is determined from (14). It therefore remains but to show that 
lim o~'‘u'{a) =» 0, in order to prove the indicated statement for the case in which 
A = 1. 

Now, having assumed that both lim e“*i»(a) and lim e““cr(a) exist, it follows 
from the last equation that lim e~*M'(a) exists also. Moreover, we have (cf. (25)) 


(40) 


^00 

lim e~“»(a) *■ Mo + I e~^'(a)da 

«a®eo *Jq 


so that the only possible value of lim is zero.^® 

Repetition of the reasoning now leads to the more general result as stated 
above. 

Turning to definition (IV), it again appears that a series (11) which is sum- 
rnable by this definition may not satisfy (C), but that the following result may 
be establi,shcd 

" If the series (39) are summable by (IV) to the respective values s, 
then relation (35) is satisfied.” 

It may las obmsrved that the cxistonco of the integral in (40) does not suflS.ee to establish 
the equation lim •» 0 (ef. Bkomwich, 1. c., p. 278). 

“Cf. Hardy, “ itestmrehos in the Theory of Divergent Series, etc.,” Quarterly Joum. of 
Math., Vol. E5 (1904), p. 30. 
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In order to see the truth of this statement for the case in which /i; = 1 we 
first note that by an integration by parts we obtain 


(41) 


^00 r na=oo 

= I e~’"u{a)da = — e~^u{a) 

t/0 L Ja=0 


^00 p Taasoo 

+ I e^'^u\oi)da = 

«/0 — ~ a !*0 


From this relation combined with the assumed existence of s and it follows 
that lim e~°'u{a) = 0 so that we have as desired = a — mo- In order to 
prove the more general case we have evidently but to repeat the same reasoning 
h times. 

Definition (V) does not always satisfy condition (Cl) since, as we have just 
shown, it does not do so for the special case in which p = 1. Likewise, the 
same is true of definition (VI) (which reduces to (IV) when p = 1), but we here 
have an alternative result similar to that indicated above. 

We turn then to condition (D). This is evidently satisfied by two series 
summable by any one of the definitions of § 36 and, therefore, needs no further 
comment. 

As regards condition (E), it is obviously necessary to impose further condi- 
tions than that of the mere summability of the two series (36) in order that (E) 
be satisfied, at least in generab since even in the case of two convergent series 
such supplementary conditions are required. We here have, however, the 
following noteworthy result of Ces^ro relative to series (36) summable by (I) : 

“ The product series (37) of two series (36) whose degrees of indeterminacy 
(§ 36) are respectively r and s is summable and has a degree of indeterminacy no 
greater than r -|- a + 1.”^ 

Conditions under which condition (£!) will be satisfied by definition (IV) will 
be considered in § 44. 

41. Summary of ResvMs. — ^The principal results of §§ 35-40 may be sum- 
marized into the following statement: 

Let 

(42) 

nvO 


be any divergent series smh thai the corresponding power series 

00 

nsO 

^ We omit the proof of this weU-known result. Tbie same may be supplied from Beomwich, 
I c., § 126. For CbsIro's ori^al proof, see BidUHn dm Sdmm Math., Yol 14 (1800), pp. 118, 
etc. 



has a radius qf convergence equal to 1. Also, let (I), (II), (III), (IV), (V) and (VI) 
represent the six definitions for sum indicated in § 36. 

If, then, we represent by (A) the condition of consistency (§ 37), by (B) the 
boundary value condition (§ 39) and by (0), (D) and (E) the conditions of §40 
carried over from the theory of convergent series, the relation of the various definitions 
to these conditions appears in the following table wherein the * when placed in any 
square indicates that the corresponding definition and condition are compatible: 



I 

II 

III 



IV 

Y 

VI 

A 



* 




B 



5iC 




0 



1 1 




I> 



^ 1 


if 

if 

E 








Fio. 6 


Moreover, the squares corresponding to (III, C), (IV, 0) and (VI, C) may also 
receive the * provided^one substitutes for (C) the following slightly more restrictive 
condition: 

{€)' If the series 

00 

“On t jP*®0,1,2,3, * ’ ’ , Jc 

nmp 


are each summable in accordance with o givm definition of sum to the respective values 

8, •••, 

=s S — (ti, -f + . • . + M*_i). 


then 


42. Absolutely Summahle Series. — A. noteworthy class of divergent aeries (11) 
for wluch conditions (A), (B), {€), (D), (E), of § 41 are all satisfied when we adopt 
the definition (IV) of sum, has been pointed out by Borel and made the object 
of especial study throughout his investigations.®* Such series are called abso- 
lutely summable and are defined from the fact that not only the integral 


(43) 


X oo 

e~^(a)da 


is supposed to exist, but also each of the integrals 


r 


e *lM^*’^(a) |da; p = 0, 1, 2, 3, 
** Cf. “Le?on8,” Chapter III. 


wherein denotes the 2 ?th derivative of the (integral) function u{a) (cf. 

(14)). 

Absolutely summable series, as thus defined, being but special series summable 
by definition (IV), at once satisfy conditions (A), (B) and (D), as shown in 
earlier §§. It therefore remains but to consider such series with reference to 
conditions (C) and (E). 

Now, if the series (11) is absolutely summable, it follows from definition that 
both s and exist. Whence, by the results obtained in § 40, we have relation 
(35). In order to complete the proof that (0) is satisfied, we must now show 
that if the series (34) is absolutely summable, so also is (11) and that with s and 
defined as before, relation (35) exists. For this let us first consider the case 


in which k = 1. 
Phce^ 

We thus have 
and hence 
so that the integral 


“ j Jq" 

<p(x) ^\u(x) — Wo I 
lw(a:)|S «!>(*) 4- lwo|, 



X 


e *!«(*) Ida; 


must converge whenever the same is true of the integral 


(44) 


Now, by identity 


i^oo 

I e~^<p{x)dx. 

Jo 


e~^(p{x)ia = — e~^<p{]0 + J 


''{x)(ix 


and consequently, because <p{X) and <p'{x) are both positive, 

^60 

e-^p(x)dx< e-^<p'{x)dx< J e-*^'(x)dx. 

exist. Upon again applying the results obtained 
in S 40, the desired conclusion now follows for the case in which ib » 1. 

A repetition of the reasoning evidently leads to the more general result. 

(E) 24^ absolutely summable series satisfy condition 


Cf. Beomwich, 1 . c.j § 106. 

“ The proof which Mows is essentially that given by BaoKwiCH (t c., { 100). 



In the first place, we may write (see definitions of «i and «2 in (36), and note 
(43)) 

S 1 S 2 == lim f f e~^‘^^u(x)v{y)dxdy, 


\ss:4”0O 


in which the double integral appearing in the second member is understood to 
be extended over the square OABC of side X situated as in the following figure: 


\ 

\ 

.e 


\ 


A A' 
Fig. 6 


-a? 


In fact, we have 

lim f f e~^^'^^u(x)v(y)(hdy — lim f f e~^^^u(x)v(y)dxdy 

\ssQO «/ XasBOO */o ^0 

^X “I ^00 ptfy 

e~^u{x)dx I e~^‘o(y)dy I = f e~^u(x)dx I 6~^v{y)dy — SiSt. 

0 «^0 J vO 


Now, in case rL{x) and v{y) are always positive the indicated double integral 
when extended over the triangle OA'C has a value lying between the corre- 
sponding integrals taken over the squares OABC, OA'B'C, and since the latter 
each approach the limit > 1 $% as X = 00 , the integral over the same triangle will 
also approach the limit On the other hand, if u{x) and d(j/) are not always 
positive, the absolute value of the difference between the integrals over OABC 
and OA'B'C' may be made arbitrarily small by taking X sufficiently large, as we 
shall show presently, thus again rendering the integral over the triangle OA'C' 
equal in the limit to «i« 2 . 

In order to show this, let us represent by 1(8) the integral in question when 
extended over any given area 8. Also let 0(8) be the corresponding integral 
when the absolute value of the integrand is used. We then have 


(45) 


IKOABO - I (OA'C') 1 = \I(CBC') -f- I(AA'B) \ 


S I I(CBC') 1 + 1 1(AA'B) I < 6(ABCC'B'A'A). 

Since ABCC'B'A'A == OA'B'C' — OABC and since the integrand of 0(8) 
is always positive, the last member of (45) may be written in the form 


(46) e^*|a(a:) letc f (n'\v(y)\dy— f e~*ltt(a:) [da: P ^\v(y)\dy. 

a/o t/o «-'0 




Moreover, since the series (36) are by hypothesis absolutely sumnaable, each of 
the iterated integrals in (46) approaches the same limit when X = oo , so that 
the expression (46) itself approaches the limit zero. 

We may therefore in all cases write 

(47) ^1^2 = lim// e-<-^hi{x)v(y)dxdy, 

X=QO 

where the integration is performed over the right triangle OA'C', the length of 
whose side is 2X. 

This result being premised, let us now introduce into the second member of 

(47) the new variables t} defined as follows: a: + y = or « = ^(1 — ij), 

y - kn- 

We then have^^ 

dri 

dydx = d^drj = ^d^dtj, 

By dy 

B^ Bf] 

so that the integral in question becomes 

p2X M 

(48) e-^ld^ M(f(l - v)X^v)dr!. 

•Jo *Jo 

Concerning the limits of integration here, we wish to integrate over that 
area in the plane which corresponds to the area of the triangle OA'C in the 
X, y plane. Now, the three sides of the triangle are respectively a: «= 0, y «= 0 
and a: + y = 2X, and our first problem is to determine what these bounding lines 
become in the r/ plane, it being understood as indicated above, that the 
equations of transformation are a: = ^(1 — ??), y * Evidently, corresponding 
to a: = 0 we have the two lines ^ = 0, ?? = 1, while corresponding to y = 0, we 
have the two lines J = 0, i? = 0, and corresponding to a: + y ^ 2X we have 
the one line ^ = 2X. The area bounded by these four lines is that of the rectangle 
whose vertices (in the rt plane) are (0, 0), (2X, 0), (2X, 1), (0, 1). Whence, the 
limits of integration are as indicated in (48). 

The series for v,{x) and «(y), being power series are ahaolutely convergent. 
Hence, by the rule for the multiplication of two such series, it appears that the 
expression m[^( 1 — i 7 )]c(fi 7 ) may be expanded into a series whose nth term is 

Moreover, this series will be uniformly convergent as regards ri throughout the 
“ See, for example, Goxibsat, “Cours d’Analyse,” Vol 1 (1902), p. 298 




interval 0 < 77 < 1 since for all such 77 values the term (49) is less in absolute value 
than 

fcn I'^rl l^^n-rl 


Gorlin — r ) ! 


and this expression is the nth term of the (convergent) product series obtained 
by multiplying together the (convergent) series 


»=o n\ ^ „=0 n! 


The integration with respect to ij in (48) may therefore be performed term by 
term upon the series whose nth term is (49), thus giving 




f 17" ’•(1 — vy^v 

»/o 


rl(n — r) I 
(n + 1) I 


Thus we have 


jT «t£(l - ,MMdv - t W, (jX* 1 ) I ’ 


where w„ has the meaning used in condition (25) (§ 40). 
The integral (48) thus becomes 


%/o 


where 




and accordingly we have the equation 


si 32 = e-iW(0d^. 


The second member of this equation is seen to be the sum of the series 


0 + too + wi + • • • , 


so that our final result will now follow as soon as we show that under the esisting 
hypotheses the series 

(52) tOo + wi + Wa + ' ■ • 


is summable by definition (IV). 
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Studies on sdmmabieity 


We Tna.y in fact stow that the series (52) is oibsolutsly suinniable. IVEoreover, 
since we have shown that absolutely summable series satisfy condition (C), 
it will here suflice to show that the series (51) is absolutely summable— i. e., that 
the integrals 

re-fl)^W(|)ld?; i = 0, 1,2, 3, ••• 

Jo 

converge. The proof of this presents no difficulties and will therefore be omitted.^® 
43. Uniform SwmmatiZify.— Following analogy with uniformly convergent 
series, Haedy^’' has proposed the following definition of uniform summability 
for divergent series, basing the same on the form (IV) (§ 30) of definition of sum: 

Definition I. If (instead of the series of constant terms (11)) we have the 
series (convergent or divergent) 

00 

X)«n(a), 

in which each term Un(pi) is a function of the (real) variable a, this series is 
uniformly summable throughout the interval jS < a < 7 if for these values of a 
the integral 

00 ^00 

S «»(“) I e~*w(a:, o^dx 

0 •/o 


converges uniformly, wherein 

^ ^1% 

u(x, 01 ) * 23 ^(®) • 

tn»o n i 

Upon the basis of this definition the following theoremH analogous to those 
encountered in the study of uniformly convergent series may be established:®* 
Theobem I. “ If all the term Un{a) are continuous functions of a and 


is uniformly summable, and 


00 


S«i.(a) 

ns»0 


E«n(«) 


n\ 


uniformly convergent for any finite value of x, in an interval (fi, y), the mm of the 
first series is a continuous function of a throughout the intervcd.” 

Theoeem II. "If 

S «»'(«) 


is uniformly summahU in (ao — I, ao + and 
Cf. Beomwich, I c., pp. 282-»28B. 

Sea TramofMom Cmr^ridge PMbs. Soc,, Vol. 19 (1904), p. SOL 

®»Cf.HAmy,La 


uniformly comer gent for any finite mine of x, the series 

00 


may he differentiated term hy term for a = ao.” 
THEOItEM III. “ If 

( 53 ) S^tn(«) 


is uniformly summahle in (/ 3 , 7) and 


2 ] 


nl 


uniformly convergent throughout the domain (0, Z*, jS, 7) however great be X, the 
series may be integrated term by term over (/3, 7)/^ 

Extensions of Theorem III to cases in which ( 53 ) fails to be uniformly sum- 
mable in the neighborhood of a finite number of isolated points within (jS, 7) 
and to the case in which |8 =» 00 have also been obtained. It would appear, 
however, that with the indicated meaning for 


S %.(«)» 


Theorems I, II and III together with their generalizations relate in substance to 
the properties of definite integrals of a certain prescribed type rather than to the 
subject of infinite series, the latter appearing merely in the r61e of suggesting the 
type in question. For this reason the notion of “ uniform summability,” at 
least as formulated upon the basis of definition (IV) (§ 36), together with the 
resulting theorems appear somewhat artificial. This seems less true, however, 
in case definition (I) (or (II)) is adopted. Thus, confining ourselves for sim- 
plicity to the important case in which r ~ 1, we then have the following 
Definition IIP A series (convergent or divergent) 


( 54 ) 




in which each term tin{oi) is a function of the (real) variable a, is uniformly 
summable throughout the interval /3 < a < t if for these values of a the ex- 
pression 

So(a) + «i(<x) -4- ■ • • + s«(a) 


n-h 1 


where Snipi) = mo(«) + «x(a) + • • • + Un{oi) 


converges uniformly to a limit V{a). 

Cf., for example, C. N. Moobe, Tramacttom Ainmican Math. Soc.f Vol. 10 (1909), p. 400. 


The theorems corresponding to I, II and III now become considerably more 
direct. Thus, corresponding to Theorem I we evidently have the following; 

“ If all the terms Un{a) of the series (54) are continuous and the same series 
is uniformly summable throughout the interval (/3, y), then its sum 17(a) is con- 
tinuous throughout (j8, y).” 

The corresponding forms for Theorems II and III can be at once supplied. 
Supplementary Remarks and Theorems 

44. From §§ 41-43 it may be concluded that of the six definitions of “ sum ” 
in § 36 those deserving of especial emphasis are (I) (Cbsaro) or its equivalent 
(II) (Holder) and (IV) (Borel). We now add certain noteworthy results 
respecting (I) and (IV), omitting proofs in cases where suitable references can 
be given. 

1. If a series (convergerd or divergent) is summable by Oesllro's method for a 
given value of r (cf. § 36), it is summable by the same method for all larger {inte- 
gral) values of r. 

In fact, with Sn'-’'^ and defined as in (12), we have the identities 
= So^’-^ + -SiW 4- -f- . . . -h SJ^\ 

DJr+ 1 ) ^ ^ + 

and since by hypothesis lim Sn^^^/Dn^’”^ exists, it follows from a well-known 
theorem due to Stolz*® that lim also exists and has the .same 

value, provided however that as n increases eventually does not oscillate 
but is such that lim SJ’''^ = ± <» — a condition here fulfilled because by hypoth- 

nsnoo 

esis lim exists, while from the definition of we have at once 

lim = -h 00 . 

2. A necessary condition that any series 

t'Un 

nssO 

be summable by Ceshro’s method with a degree of indeterminacy r is that 

(55) lim {un/n'’) = 0. 

nwoQ 

A noteworthy corollary of this result is as follows: 

3. Let 

(56) Ea,.*-. 

naO 

*0 See Math. Annalerif Vol. 83 (1889), pp. 236-245. 

For a proof, see Bromwich, I c,, § 127. 
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be any power series having a radius of convergence equal to 1. Then the divergent 
series 

00 

y 

n=0 

wherein xq represents any special value such that | | > 1 cannot be summed by 

Ceshro's method. Thus, in particular Cesaro’s formula cannot serve to prolong 
analytically the power series (56) outside its circle of convergence. 

In fact, placing Un == anXo^ we have 

I- Ufi 

hm = arc 

WaaOO 1 

and hence 

= a:o + €n; lim €» = 0. 

— 1 «=oo 

Whence 

Un = Uaixn + €i)(a:o + €2) • • • + ««)• 

Now, having chosen an arbitrarily small positive quantity ij, we have | e„ | < 17 
for all n > a determinate value and hence 

1*0 4 - €n| 5 la:o|-|» 7 |; n>n,. 

Thus, as n increases indefinitely the expression Un becomes infinite to as high 
an order as that of (|a:ol — h|)”- But for a sufficiently small choice of 27 we 
have |a:o| — I77I > 1 , since by hypothesis |a:o| > 1. Thus ( 55 ) cannot be satis- 
fied for any value of r. 

In contrast to this result, we have the following important theorem arising 
when, instead of the definition (I) of sum, we adopt the definition (IV) of Boeel. 
4 . Let 

00 

/(») ^ Z) OnX^ 

nsssO 

he any power series having a radius of convergence equal to 1. I/, then, the series 

00 

Za,. 

n»0 

w mmmable by definition (IV) (§ 36) so also is the series 

00 

nssO 

pronded xq lie toithin the polygon formed by tangents to the given circle at the points 
(^assumed finite in number) upon the circumference at which fix) has singularities. 
Moreover, fix) may be extended analyticaUy to all such points xq by means of the 
sum formula in question, i. e.. 


JLUW 




where 


J ^oo 

I e~'^u{axij)da 
0 


uiaxo) = 


dnipcXo ) ^ 


The summahility at xq will be absolute (§ 42) and it will be uniform (§ 43) 
throughout any region situated wholly within the indicated polygon (polygon of 
summability).^^ 

5. Absolutely eonxergent series are absolutely summahle, but series that are 
merely convergent may not be absolutely summableP 

6. If but one of two series is absolutely summable while both are summahle by 
definition (IV) {BoreVs integral) to the respective limits Su ^ 2 » then the product 
series (cf. (37)) is summable by the same definition to the value Su but not neces^ 
sarily absolutely summable}^ 

7. If two series are summable by definition (IV) {BoreVs integral) to the values 
sij S 2 respectively, then the product series (cf. (37)) tohenever summable necessarily 
has the sum SiS^-^^ 

8. If the coefficients ui, u^, uz, ••• of the divergent series (11) are such that 
the expressions 

Eq = uq, jEi = Wo + Wi, 
jB 2 = Wo *4“ 2ui -f* Wa, 

Ez = uo+ 3wi + 3 w2 + Ui, 


„ , , n{n —1) , , 

En- uo+ nui + — • 2 -f • * • + nu^i + Un 

all vanish after a certain point: n ^ m, then the series may be summed by definition 
(IV) {BoreVs integral) and the sum will he 

— :^_L ^ i 'Em, 

^ 2 2^ 2^ ’ ■+’ 2^! 

—i. e., the sum will be given by summing the series by Euler’s well-known 
method for converting a slowly convergent series into a more rapidly converging 
one.®« 

Proof of the various statements here made is readily supplied from the remarks of Brom- 
wich, 1. c., § 113. 

Cf. Hardy, Qmrterly Journ. of Math., Vol. 35 (1904), pp. 25, 28. 

Cf. Hardy, 1. c., pp. 43-44. 

8® Cf. Hardy, 1. c., pp. 44r45 
Cf. Bromwich, 1. c., § 24. 


This result evidently becomes of especial significance for all series (11) of 
the form 


ao — ai + 02 — + • • • ; Om positive 


for which the successive differences between the quantities Oo, Oi, a^, all 
eventually vanish — e. g., the series 


1-2 + 3- 4+ 5- •••, 
wherein the quantities Eq, Ei, Et, etc., become 

Eo =1, /5i = - 1, E2 = E3 = ■■■ = En=0, 


and hence J 

The proof of statement (8) may be readily supplied when we make use of 
the Lemma of § 37. Thus, in the notation there employed, let us take in the 
present instance 


Then 


Et 

28 + • • 

4 - 

= 

Eo 

Sn — Y 


, Em 

"T 2f»+l 


(2g)" 


and condition (A) of the lemma is at once seen to be satisfied (cf. (16)). 
Application of the lemma thus gives 

» ^(dr) 

I *== Hm j = lim e~^s(2a) = lim e““a(o:), 

prnm nasO I a-«oo aaoo 

where s(a) is defined by (13). Moreover, this result may be written (cf. (25)) 
in the form 

/ *» Mo + I e~‘^u'(a)da, 

Jo 

where M(a) is defined by (14). If the integral here appearing be integrated by 
parts (cf. (41)) we thus obtain 

J ^oo 

(r'^u(a)da. 

0 

In order to finish the proof it remains but to show that the fibrst term here 
appearing in the second member is equal to zero. 

Upon noting the meanings of Eo, Ei, Et, • • • , as given in (67), we obtain 

«*m(q:) « e“(Mo + Mia + M2^+ • • -) — + Eioc + J^2^+ • • • + 

and hence 

lim *■ lim 1150+ Eia + • • • + Em ~i I = 0. 
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CHAPTER V 


THE SUMMABaiTY AND CONVERGENCE OF FOTJRIER SERIES AND ALLIED 

DEVELOPMENTS 

45. In the present chapter it is proposed to derive the principal known 
results concerning the summability of Fourier series and other allied develop- 
ments for functions of one real variable (developments in terms of Bessel func- 
tions, Legendre functions, etc.).‘ We shall take the word “ sum ” in the H(3 i.,dkr 
sense^ (§ 36) according to which a given series (convergent or divergent) 

( 1 ) 

n=sO 

has its sum s defined by the equation 

(2) s = lim r = fixed integer ^ 0, 

n=:oo 

where 

^^(0) = 

^ + • • • + 

( 50 ^’~~*^ + + • • • + 

Moreover, if the terms are functions of the (real) variable x (as will now 
always be the case) when considered throughout an interval («, b), the series (1) 
will be termed uniformly summable throughout (a, b) in accordance with the defi- 
nition II of § 43 — i. e., provided that the limit (2) is approached uniformly for 
the same values of x. 

In view of the fact that any discussion of the summability of Fourier series 
and other allied developments is intimately connected with the corresponding 
discussion of convergence, the latter being in fact but the case of summability 
in which r = 0 (cf. (2)), we shall as a matter of course elaborate both aspects 
of the subject.® No attempts will be made however to obtain theorems con- 
taining the minimum restrictions for a given function f(x) in order that it be 

1 See explanatory remarks in the Preface. 

* The results obtained will therefore (§ 38) be convertible at any point into those for summa- 
bility in the CesIko sense. 

’ Since all convergent series are summable but not conversely it is evident that more reetric- 


developable in a summable (or convergent) series of any one type. The emphasis 
will be placed rather upon the attainment of a general theory of such a nature 
that the various more important special developments, including Fourier series, 
and the familiar developments in terms of Bessel functions and Legendre 
functions, may be studied as special applications of it, provided f{x) satisfy any 
one of various slightly limiting conditions.^ This general theory is elaborated 
in §§ 46-50 following which the applications just mentioned have been carried 
through (§§ 57-70). 

The basis of the entire chapter is Dini’s great work entitled “ Serie di Fourier 
e altre rappresentazioni analitiche dclle funzioni di una variabile reale ” (Pisa, 
1880) and due acknowledgment is here made to this source. 


Foueiee Seeies 


46. If /(x) be a given function of the real variable x defined throughout the 
interval (— x, tt) the corresponding Fourier series is by definition 


(3) 

where 


|ao + 22 (a» cos nx + bn sin nx), 


IT" 1 /*" 

“ I /(*) cos nxdx, bn = " I fix) sin nxdx. 

w X J_„ 


As regards the convergence and summability of this series, the following 
theorems are well known: 

Theorem I. If fix) remains finite throughout the interval (— x, x) vnth the 
possible exception of a finite number of poivis and is such that the integral 


f |/(x)|dx 

*/ — Tf 


exists, then the Fotirier series (3) mil converge at any point x ir < x < w) in 
the arhitranly small neighborhood of which f{x) has limited total fluctuation, and 
the sum will be 

H/(x-o)+/(x + o)]. 


Moreover, the convergence will be uniform to the limit f(x) throughout any in- 
terval (a', ¥) irwlosed within a second interval (ai, bi) such that 


T < ai < a^ < y < bi < T 


^ Ab regards mnmrgenm, including uniform convergence, general theorems of the nature 
here indicated together with applications have been given by Hobson in a 8eri<» of memoirs 
appealing in the Tramactims of the London McUh. Society (VoL 6 (1908), pp. 340-395; VoL 7, 
pp. 24-48; ibid,, pp. S38»-3I®). Corrwponding general studi^i for summability do not appear 
to have been thus far carried through, though numerous results have been obtained by special 
metbods. For further itsmaxks, see notM appended to the theorems of §§ 67 and 68. 
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provided thatf{x) is continuous throughout (a', ¥) inclusive of the end points x = a', 
X ^ b' and has limited total fluctuation throughout (ai, bi),^ 

Theobem IL If f(s^) remains finite throughout the interval (— tt, tt) with the 
possible exception of a finite number of points and is such that the integral (4) exists, 
then the Fourier series (3) will be summable (r = 1) at any point x t K x K rr) 
at which the limits f{x — 0), f{x + 0) exist, and the sum will be 

i[f(x-0)+f{x + 0)l 

Moreover, the summability will be uniform to the limit f{x) throughout any 
interval {a', b') such that — tt < a' < 6' < t provided that f{x) is continuous 
throughout {of, V) inclusive of the end points.^ 

Theobem III. If f(x) when considered throughout the interval (— tt, tt) satis'^ 
fies the conditions mentioned in Theorem I and is such that in arbitrarily small 
neighborhoods at the right of the point a; = — tt and at the left of the point a: == tt 
it has limited total fluctuation, then the Fourier series (3) will converge when a; = — x 
or a; = X and in either case the sum will be 

i[f(T-0)+f(-T+0)l 

Theobem IV. If fix) when considered throughout the interval (— x, x) 
fies the conditions mentioned in Theorem I and is such that the limits fir — 0), 
/(— X + 0) exist, then the Fourier series (3) will be summable when x ^ r or 
a; == — X and in either case the sum will be 


H/(^-0)+/(-7r+0)]. 


It is our purpose here (having in mind the essential steps incident to the 
formation of a general theory for the study of this and other allied develop- 
ments) to show in the first place that the proof of Theorem I may be made to 
depend upon the existence of the three following relations which themselves are 
independent of the function /(*) and concern only the trigonometric expression 


. 2n 4- 1 , 
sm — z — t 


(5) 


<p(n, t) = 


2ir sin 


t 


n being limited to positive integral values. 

(I) The integral 

f <p(n, t)dt 


' Cf. Hobson, “Theory of Functions,” §§ 448, 461, 467, 469. Also, Chamian, Quarterly 
Joum. of Math., Vol. 43 (1911), p. 33. 

• Cf. Hobson, 1. c., § 469. 



when considered for values of t in the interval — 2ir+e^t^ — e, e being an 
arbitrarily small positive constant, converges uniformly to the limit — i when 
w = 00 ; while the same integral when considered for values of t in the interval 
e ^ £ 2x — € converges uniformly to the limit ^ when n — coj 

(II) For a sufficiently small choice of the positive quantity e we have 


r 

•/o 


<p(n, t)dt 


< A; 


where ,4 is a constant independent of both n and t. ® 

(III) For a sufficiently small choice of the positive quantity e we have 

I (p(n, i) I < ; — 2r H- « ^ i ^ e ^ t 2'ir — e, 

where B is a constant independent of both n and t. 

In order to prove that Theorem I depends, as stated above, upon the existence 
of these three relations, let us suppose at first that z has some special value x = a 
such that — TT < a' S a S 6' < TT, the quantities a', V being regarded as fixed. 
With this value of a the (n + l)st term of the series (3) takes the form 


IT" ■ - IT" 

I /(.r)(co8 nx cos na + sin na: sin na)dz = - I f(x) cos n(x — a)dz, 

so that the sum of the first (n + 1) terms becomes 


1 ^ 

»n((x) =» „ I /(*) 1 1 + S COS n(z - a) 

TT nmt 


dx- 


Upon making use of the well-known relation 


we thus have 

( 6 ) 


i + i 


nwel 


COS nx 


. 2n+l 
sm — 2 — * 

« • ^ 

2 sin 2 


«»(a) 


£ 


f{x)<pin, X — a)dx, 


where z — • a) is to be determined by (5). 

Whence also, having chosen an arbitrarily small positive quantity e, we may 

write 

$n{oc) “s /(z)^(n, X — a)dx + j f{x)<p(n, x — a)dx 

f(x)<p(n, z — 

^ For a proof of thk see Appendix, § 1. 

* For a pro^, sw Append^, 5 


KU 


+ £ f(z)<pin, x-a)(h + J^ 







We may now show that the conditions placed upon/(x) for the whole (closed) 
interval (— tt, tt) (cf. Theorem I) when taken in conjunction with relations (I) 
and (III) suj0&ce to make the limit approached by each of the first two integrals 
of (7) equal to zero when n = In fact, we shall show that this limit is 
approached uniformly by each of these two integrals when they are considered 
for values of a for which a! ^ a b\ 

Considering, then, the first integral in the second member of (7), let us repre- 
sent by xi, X 2 , Xz, • • *, Xq (xs > Xs^i) the points (q in number) at which f{x) 
becomes infinite in the (closed) interval (— tt, tt), assuming at first for simplicity 
that xi ^ — T, Xq ^ T, Having chosen an arbitrarily small positive quantity 
oj, let us also suppose at first that the value x — a — e lies within one of the 
following intervals: 

(8) (— TT, a:i — co), (xi+ co, X 2 — o)), •••, (a;^ + co, — t), 

i, e,, let us assume that a: = o' — e is not one of the points at which /(a:) becomes 
infinite. We may then express the integral in question in the form 

(9) J X — a)dx = 8 + R, 

where 


a Kl-w \ 

^ I '^/ ) ® 0 ~ 3) 

ir */Xg_i+<a •^Xg+u} J ^ 

and 


+ 1 +•••+! ) f(x)(p(n, X — a)dx. 

*l-« ^X2-a) *Jxg-ui J 

Now, introducing relation (III), we have 

I tm /»*,+« \ 

"*"/ +•••+/ )|/(«)|d3: 

and since the integral (4) is assumed to exist it thus follows that for a sufficiently 
smaU choice of co we shall have |i?l< < Bqp where p is a preassigned 

arbitrarily small positive constant. 

. of P iaving been assigned and co then determined in the manner 

just indicated, we turn to the expression 8. In considering this it is first desirable 
to make the following observation. 

Consider the set of intervals (8). Let us divide the first of these into p equal 
sub-mtervals of length 5i, the second into the same number p of equal sub- 

^ f X T number p of equal sub-intervals 

o engtb Let Z)i, , be the fluctuation of /(a:) in the sth one of the intervals 

n K ' *.r of Six) in the rth one of the intervals h, ■ ■ ■ let 

leri ‘hL 


rBOOF OF iHEOBEMS 


1U7 


-Dl, », S2^jZ)2,9, ■■■} 5 j-i-i S+1 , s- 

Since /(: k) is integrable over each of the intervals (8), it follows that we can make 
our choice of the integer p so large that each of the sums (10) will be less in 
absolute value than the preassigned quantity p already mentioned. At the 
same time, p may be chosen .so large that each of the integrals 

(11) f \f{^) \ dx', s — 1, 2, 3, • • •, 3 + 1, 


where the integration is performed over any one of the intervals 5„ will likewise 
be less than p. In what follows the quantity p will be understood to be any 
special one determined according to the two conditions just indicated. 

Returning to the expre.ssion 8, let us now consider the first of the integrals 
of which it is <;onstituted. (hdling x = re = {, the values of re corresponding 
to the end j)oint.s of the .vth one of the intervals 5i, we have 



/ • (pdx; 


j/ = /(^) 

[ ^ = <p(n, z — cc). 


Now, introducing the con.stant B defined in (III), we may write 


P/ ■ <pdx = T'/ • {<p + B)dx - B r’fdz 


and the function (p + B will be positive for all values of z such that < z < ^, 
(n having any value which it may take). Hence, upon applying the first law of 
the mean for integrals, we have 


rl. 

I f • tpdx = /, I cpdz + 




where /, and /*' are certain values lying between the upper and lower limits of 
/(a:) when < a- < {.. 

Since — ?,_i = 5i we thus have 


I / • tpdx = /, I <pdx 4- B,BhBi,„ 


where 0, i.s a quantity lying between — 1 and + 1 and where Pi. , has the meaning 
already imlicated. 

Hence, recalling what has been said of the sums (10), we may write 


( 12 ) 


X '>"« jL 

f • tfdx — E/» I + QBp) 


i< e < 1. 


and corresponding to a second arbitrarily small positive quantity cr we may, 
by virtue of relation (I), find a quantity independent of a such that 


I (p{n, t)dt = — ^ + Qicr 
Jo 

I ^(.^i t)dt = — ”1“ 020' 

Jo 


n > n„, 

- 1 < 01 < 1 , - 1 < 02 < 1 , 

a' <a< V. 


Whence, 



< 2<t 


n > n„, 
a' < a < V, 


and hence also (cf. (12)) we have for the value of a under consideration 


(13) 


J J 

cZ-TT 


/ • (pdx 


< 2Mp(x + jBp; n > 


where M represents the upper limit of |/(a?) | in the intervals (8). 

Similarly, all the p + 1 constituent integrals of S, except the last, may be thus 
treated, thereby leading to the equation 


(14) S-P+ ny^^dx, 

where for all values of n greater than some value indej)endent of a we have 

I P I < 2gMp<r + gBp S 2qMp(r + qBp. 

Let us consider finally the integral appearing in (14). For this we first note 
that the interval of integration consists of a portion (or at most the whole) of 
the interval {xg + co, — w) belonging to the set (8). Let us suppose that 
r;r < a — € ^ ijr+i 'where and jjr+i are the values of x corresponding to the 
extremities of the rth of the p divisions of length 5^+1 into which we have already 
divided the interval {xg + co, 0:^+1 — co). We may then write 


£ -« n-nr 

/ • <pda =1 / • <pdx + I / • pdx. 

The last integral here appearing is less in absolute value (cf. relations (HI) 
and (II)) than 

(15) B \fix)\dx<Bl \f(x)\dx<Bp 

where p has the meaning already given. 




XVt/ 


Again, let there he I (I ^ p) of the divisions in the interval (xg + w, 77 r) • 
Then, treating the first integral in the second naember of (15) as we did the first 
integral in S, we obtain (cf. (13)) 



< 2Ml(r + ilp < 2Mp<y + Bp; 


n > n„, 


where n, is independent of a. 

In summary, then, we have the following result: Let xx, Xx, xz, - • •, a:«, • • •, x^; 
(*« > x,-i) ; (xi — TT, Xg t) represent the q points within the interval 
(— IT, it) at which /(a:) becomes infinite, and let a be any value such that a — e 
(cf. (7)) lies within one of the intervals 


(— TT, Xi — 6j), (a-i + w, *2 — w), •••, (xg-{-u,Tr); 

CO arbitranly small and positive 

and also such that — it < a' ^ a ^ b' < it. Then, corresponding to an arbi- 
trarily small positive quantity p and a second such quantity a, we may determine 
a positive value n, independent of <x and such that 


£ 


f(x)<p{n, X — <x)dx 


<2pM(.q+l)<r + B(q+l)p; 


n > ra<,. 


Since U, q, M and p as well as n^ are each independent of a, it follows that for 
all the indicated values of a the first integral in the second member of (7) converges 
uniformly to '/.ero when n = 00 . 

It remains to show that the same is true when a — c pertains to one of the 
intervals of the following set: 


(*i — CO, *1 ■+- co), (xa — £0, xs - 4 - «), (*5 — CO, a: a 4 - w); 

CO arb. small and positive. 


The desired result follows by reasoning directly analogous to the preceding 
after rewriting (9) in which S and R are, however, defined as follows: 


/ pin~m \ 

S-{| Hhl + hi ) f{^)<p{n, X — a)dx, {g ^ g), 

I +1 + hi +1 )f{x)<p{n,x- a)dx. 


Again, the same conclusion may be likewise reached in case either or both 
of the points x - — t, x «= t are points at which f{x) becomes infinite. The 
forms in which -S and R should then be taken readdy suggest themselves and are 
therefore suppressed. 


liU OUMMAJiilliTl UJJ 

In like manner it appears that the second integral in the second member of 
(7) converges uniformly to zero when w = oo for all values of <x such that 

— T < a' ~ a ^ h' <. TV. 

These results having been established, we turn to a consideration of tin; last 
two integrals in the second member of (7). We shall suppose at first that a 
has any special value such that — % < a' ^ a ^ b' < tt. 

Since by hypothesis /(a:) is of limited total fluctuation in the neighborhood of 
the point a: = a, the expressions f{a - 0), /(a + 0) certainly have a meaning.» 
We may therefore write the third integral in the second member of (7) in the form 

(16) /(a: - 0) J vin, t)dt + J [/(a + t) — f{a — ())]¥>(«■, t)dt. 

When w = 00 the first term here appearing approaches the limit lf(a — 0) 
as a result of relation (I). As to the second term, it follows from our hypotheses 
upon /(a:) in the neighborhood of the point x = a that the function f{a + t) 
— f(ce — 0) is of limited total fluctuation in the interval — e < f < 0, at huist 
if € be chosen sufficiently small. Whence, in this interval the same functi(»n 
will be either monotone or will consist of the difference of two inonotorn; func- 
tions.^'' In the former case we may apply the second law of the mean for integrals 
and write 

(17) J [/(a + 1) - /(a - 0)lip(n, t)dt = [/(a - e) + /(a — 0)] j p(n, t)dt ; 

()< ei < e. 

At the same time our choice of £ may be made so small that the expr«‘SHion 
|/(a: — e) — /(a — 0) ] will be less than any preassigned quantity cr. With « 
thus chosen, we have now but to make use of relation (II) to see that the 
second term of (16) may be made less in absolute value than /Iff, whatever the 
value of n. In case /(a + t)— f(a — 0) consists of the difference of two jnono- 
tone functions, the proof may evidently be carried out in a similar manner, 
showing that in this case the absolute value in question will be less than 2A(t. 

Therefore, the limit of the sum of the first and third terms in the .second 
member of (7) as w = oo is ^f(a - 0). Similarly, the limit approached by the 
sum of the second and last terms is ^f(a + 0). 

The first part of Theorem I is thus fully established. It remains to consider 
only that part which concerns uniform convergence, and since we have already 
shown that for all values of a such that — T<a'£a^b'<T tin; first and 
second terms in the second member of (7) converge uniformly to zero, it will 

“ Cf. Hobson, 1 . c., § 194. 

Cf. Hobson, 1 . c ., § 195. 


now sufTice to show that under the hypotheses of the last part of the Theorem 
the last two terms of (7) when considered for the same values of a each converge 
uniformly to the limit if (a). 

Now, if f{x) he continuous (as the present hypotheses demand) throughout 
the interval («', //) (x = a', x = b' included) then /(a:) will be uniformly continu- 
ous throughout this interval.^ Hence, corresponding to an arbitrary choice of 
“(If. IIoimoN, 1. c., §175. 

the positive quantity cr, it is possible to determine a positive e independent of a 
and such that 

(18) |/(a - 6) - f{a) 1 < <r; a' < a <b'. 

Introchunng this ehoic^e of e into (16), we may again write (17) for all the 
indicat'd values of a («' Si a h') since, from the hypotheses of the second 
part of the Tlu'orem, it follows as before that the function /(a 1) — f(a) is 

either monotone or consists of the difference of two monotone functions of t 
throughout the interval — e < ^ < 0 whatever the value of a (a' S o: S b') — 
at least if e be taken so small that — 6 > ai, where oi has the meaning given 
in the Theorem. 

'riuis, we reach the desired result respecting the third term in the second 
meml)er of (7) and similarly, we reach the indicated result for its last term. 

47. We turn to tlu; proof of Theorem II. It is our purpose here to show that 
relations (1) and (III) of § 4G together with the following suffice for the proof: 
(11)' Having placed 

(19) 4>(n, i) i 1 

71 "T“ i n»0 


where (p{n, t) is the trigonometric expression (6), we may write for a given value 
of the positive (puintity e and all subsequently chosen sufficiently large values 
of n 


J \^(n,i)\(U < C; 


where C is a constant (indepetulent of both n and e). 

In proving Theorem II we shall therefore substitute relation (II)' for relation 
(II) of § 4(5, Imt we shall employ relations (I) and (III) as before. 

Assuming first that a has any .special value such that — x < a' = a = 6' ■< ir, 
we have from (7) 


( 20 ) 


• • r i [«o{«) + «i(«) + H «»(“)] = f 

“t* I IT 


+ r* /(4-)^(», x-a)dx+ r fixMn, x - a)dx -h P /(a:)#(?i, a: - a)dx, 
where 4 is given by (19). 


JXViXJ 
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Now, the fact that <p satisfies (I) and (III) enables us to say at once that $ 
also satisfies the same relations. In fact, if cp satisfies (I) the principle of con- 
sistency (§ 37) as applied to the Holdee method of summation shows that * 
also satisfies it, while (III) becomes satisfied by ^ since we may write 

fiB 

|$(ra, <)|^^[|»5(w, <)H-k(« - 0| + l-|<o(0, Oil < „ = 

The second member of (20) is the same as that of (7) except for the substi- 
tution of $ for (p, and since $ satisfies relations (I) and (III) it follows precisely 
as in the discussion in § 46 that the first two integrals on the riglit in (20), when 
considered for values of a such that — tt < ft' ^ a SS < ir, oonyergt* uni- 
formly to zero as n = <» , provided merely that the integral (4) exists. The 
third term of (20) may be written in the form 

f{a — 0)J ^(n, t)dt + J" [f(a+ t) — /(a — 0)]#(n, i)dt, 

provided that f(a - 0) exists. When n = w the first term here app<'aring 
approaches the limit ^/(a — 0) since, as already pointed out, ^(a, f) satisfies (I). 
As to the second term, we may choose e so small that throughout the interval 
— 6 < < < 0 we shall have |/(a + t) — f{a — 0) | < <r where c is au arbitrarily 
small preassigned positive quantity. With e thus chosen and » then taken 
sufficiently large the term in question becomes less in absolute value than 

(21) <r r l4>(n, t)|dt < Co-, 

Jo * 

where C is the constant defined in connection with relation (II)'. 'rhus, the 
sum of the first and third terms of (20) approaches the limit |/(« — 0) when «»» so . 
Likewise, the sum of the second and last terms of (20) is seen to approach the 
limit 1 /( 0 ! + 0). 

The first part of Theorem II thus becomes established, and in or<ler to prove 
the second part it suffices to note (cf. the discussion of (16)) that if f{r) is con- 
tinuous throughout the interval (o', b') inclusive of the end iH)ints, then the 
quantity e in (20) may be chosen independently of a (a' < a < 6'). 

48. Having shown that Theorem I results from relations (I), (11) and (III) 
and that Theorem II results from (I), (II)' and (III), we shall now show that 
Theorem III results from (I), (II) and (III) together with the following: 

(IV) (pin, t db 2 t) = (pin, 0. 

Let us take first the case in which x *= r. The expression for «„(»•) may be 
“ The proof of (IV) is immediate from (6). 


obtained by placing a = tt in (6). This expression, after placing x — ir = t, 
becomes 


(22) a„(7r) 




/(tt + f)(p{n, t)dt 


(.L +X.) 


/(tt + 


Of the two integrals here appearing in the last member, the first, after making 
the substitution f = 2t + t and dropping accents, takes the following form as a 
result of (IV) 


/■ 

Jo 


(23) 


/( — w -f" t)<p(n, t)dt. 

WU 

Whence, we may write 

^n(^) “ r /(tt 4- t)dt + f /(— T + t)<p(n, t)dt 

^0 (€>0). 

+ J /(tt + t)<pin, t)dt + /(— TT + f)ip(n, f)di 


We may now show that as n = oo the limit approached by each of the first 
two integrals here appearing is 0. In order to do this it will suffice, since the 
integral (4) exists, to show that the property just indicated is true of each of the 
integrals 


I f(^ + t)^(n, t)dt, /(— TT + t)<p(n, t)dt, 


where it is understood that /(tt + 0 remains finite throughout the (closed) 
interval (c, d); — tt 'i; c < d £ — e, while /(— ir + t) remains finite through- 
out the (closed) interval (e, / ); € S e < / » tt. 

Let us divide the interval (c, d) into p equal sub-intervals each of length 5 
by means of the ptunts t c, t = t\, t — h, ■ ■ - , t — tp-i, t=d. Then, with 
the meaning for Jt appearing in (III), we may write 


r /(“ + t)<p{n, t)dt = f /(a + 0 + -Bjdf — B f f(a -f- t)dt 

and [p(«, t) + B} will he positive when <_i < < < i, (n having any fixed value). 
Hence, applying the first law of the mean for integrals, we obtain 


r /(<* *1“ f)p(«i ft f" <p(% Odf + Bf, C dt — Bf,' f dt, 


where/, and /.' arc certain quantities lying between the upper and lower limits 
of /(a + t) when f,_i < i < t,. 

Since t, — = S, we thus have 


r f{a -f t)tp{n, t)di “ | ^(»» ^di ■+• $,BSD,; 

where D, is the fluctuation of /(a -f <) in (<_!, <,)• 


- 1 < 0 , < 1 , 



Hence also 


(24) r f{a + t)dt = f <p{n, t)dt + OBS ^Dg; — 1 < 0 < L 

*Jc «=1 *^^*-1 

Now, by taking p sufficiently large the last term of (24) may be made arbi- 
trarily small in absolute value, as follows from the existence of (4). The value 
of p having once been chosen, let us allow n to increase indefinitely, Tlie last 
term of (24) continues arbitrarily small in absolute value, while its first term 
approaches the limit zero, as appears directly upon writing 


Jo Jo 


and applying (I). 

Similarly, the second term in the second member of (23) is seen to have tlie 
property already indicated. 

As to the third integral in the second member of (23), let us write 


(25) 


X O pQ 

/(tt + t)<p(n, t)clt = /(tt ~ 0) J (p{n, t)dt 

+ f [/(« + <) — /(JT — ())]<p(ri., t)dt, 


noting that /(tt — 0) necessarily exists since, according to the hypotheses in 
Theorem III, the function /(*) is of limited total fluctuation in the neighborhood 
at the left of the point x == tt. Upon comparing (25) with (l(i) and noting the 
statements in § 46 connected with the latter, we see at once that as n *= « the 
expression (25) approaches the limit J/(ir - 0). Likewise, as n «= oo the last 
term of (23) is seen to approach the limit |/(— tt + 0). 

In case x = — t (instead of x = tt) we- have the following equations corre- 
sponding to (22) and (23) : 


/(- TT 4- t)<p(n, i)di = \^J + j ]f(- tt -1- t)^(n, t)dt 

X TT ^ M) 

/(— T -f- i)<p{n, t)dt ■+■ I /(r -f- t}tp(n, t)dt 
or 

Sni- ir) = I /(t -f- t)tp{n, t)dt -j- f /(- t -f- t)ip(n, t)dt 

( 26 ) ^ 

+ J'yC’T + t)<p(.n, t)dt + £ f(-r + t),p(n, t)dt, 

and, upon considering the four integrals here appearing on the right as we con- 
sidered those in (23), we find 


Im5„(-T) = 0+0 + |/(t+0) + |/(-t-|-0). 



Thus, the proof of rhcorem III becomes complete. 

49. Theorem IV likewise follows from (I), (II)', (III) and (IV) upon noting 
that the expressions 

TO 4- 1 ’r) + • ■ • + s„(± tt)] 

may he obtained by replacing ip(n, t) by $(n, t) in (23) and (26) and that, as a 
result of (IV), we have 3>(n, t ± 27r) = #(%, f). 

II 

Thk IIki’hehkntatjon of AmiiTiuEY Functions by Means of Definite 
lNTK(!itALs. The Fokmation op a General Theory for the Study 

OP THE SUMMAItlLITY AND CONVERGENCE OF FoURIER SERIES AND 

Other Allied Developments 

50. The manner in which the summability and convergence of Fourier series 
has been shown in §§ 47-49 to depend upon the properties of the integrals 

J <pin, t)dt, S ^{n, t)dt, 

where <p(n, t) and <h(n, t) are defined by (5) and (19) readily suggests the general 
problem of determining a set of sufficient conditions for any function <p(n, t) of 
the two real variables n, t, or more generally, for any function <pin, a, t) of the 
thnm real variables ii, a, t in order that the integral (cf. (6)) 

(27) I /(a + t)tp{n, a, t)dt or I f{x)<p{n, a, z — a)dx 

sliall converge wlien n = <x> to the values | [f(a — 0) + /(a + 0)] or ilfii — 0) 
+ /(« + 9)1 ae(‘ording us a < a < 6 or a = either a or b. Naturally, the range 
of possilde existence for such functions <p will depend upon the conditions im- 
posed ui>ou tlie given function /(o-) when considered throughout the interval 
(«, b), and in <letermining the form of such conditions we shall hereafter be 
guided by the limitations upon f{x) occurring in the Theorems of § 46. The 
general tln*orems about to be obtained will serve as a foundation for the dis- 
cussion in §§ G4~70 relative to the summability and convergence of the well- 
known developments in terms of Bessel functions, Legendre functions, etc. 

51. Thkouem I. IM <pin, a, t) be a function of the real variables n, a, t which, 
whm cotutideredfor mines of a lying within any sub-interval (a', 6') of (a, b) (a < o' 
< b' < b) satisfies the following three relations in which n is restricted to yositive 
integral values and in which e represents a positive quantity which may be taken 
arbUrarily small: 

(I) lim r ip{n, a, t)dt = 

m/ft 


•— f when a— — 
i when € — a. 



Moreover, 
a and tP 

(II) 


let these limits he approached uniformly for all of the same values of 


J l <p(n, a, t)dt 

0 


< A; 


e ^ t ^ e, 


where A represents a constant independent of n, a and t. 

(Ill) I (p{n, a,t)\< B] a- - € or e^tr^b — a, 

where B represents a constant independent of n, a and t. 

Abo, letf{x) be any function satisfying the following two condiHons: 

(A) When considered throughout the interval (a, b), f(x) reniains finite with the 
possible exception of a finite number of points and is sueh that the integral 

f 1/(3:) I (ic 

•J(t 

exists. 

(B) When considered in an arbitrarily small neighborhood about the (special) 
point X = a (a' < a < b') f(x) has limited total fluctuation. 

Then we shall have for the (special) value of a mentioned in (B) 


(28) lim f f(3:)‘p(n, a, x — ci)dx = | [f(a — 0) + f(oc + <>)]. 

w-soo 


Moreover, if (instead of condition (B)) f(x) is continuous throughout the interval 
(a', V), the points x = a', x — b' included, and has limited total fluduation through- 
out an interval (ai, bi) such that a < ai< a' < 1/ < bi < b, then we simll have 
uniformly for all values of a in (a', b') 


(29) 


lim I f(x)<p(n, a, a: — a)(lx = f(a). 

n^oo 


Thus, to an arbitrarily small iKJsitiva quantity ^ it ahall b« poiwihlii to dtittisnnint! a viiluti n, 
independent of both a and i such that 

I ^(n, a, t)dt + i j < n > n^’ 

provided a and t are assigned values consistently with the relations 

a' < a < b'j ec 2 ^ 

Likewise, 

j f (n, a, t)dl - i j < <r; n > nv 

provided a and t are assigned values consistently with the relations 

a' < a <¥; - «• 

It may be added that in case one confines the attention to the convergence of the integral 
(27) for special values of a (thus not considering qu«tions of unifonn conv«rg«nce) It iuffkiis 
that relation (I) shall be satisfied for each special v^ue of a (a' < a < ¥)* Similarly, the con- 
stants A and B of (11) and (III) may rixMi depend upon a. 



Proof. The proof of this theorem is readily supplied upon referring to the 
methods employed in § 46 for the study of the integral (6). We shall therefore 
merely indicate the essential steps. 

llepresenting the integral (27) by Sn{ct), we first write (cf. (7)) 

Sn(oi) = I f(x)<p(n, a, X — a)dx + f f(x)<p(n, a, x ~ a)dx 

•/a+e 


fix)<p(n, a,x — a)dx + I fix)<p(n, a, x — a)dx. 

- «*-« Ja 


Of the four integrals here appearing, the first two approach the limit zero 
as n = 00 aiul the convergence is uniform for all values of a such that a' < a < b', 
as results from (I), (III) and (A). Moreover, the third and fourth integrals 
(considered for any special value of a such that a' < a < b') approach respec- 
tively the limits If (a — 0), |/(o! -f 0), as results from (I), (II) and (B) (cf. (17), 
(18))_. 

Likewise, upon comparison with the corresponding studies in § 46, it appears 
that equation (29) will hold true uniformly under the conditions stated in the 
theorem. 

52. Tiikoukm II. IjC.t (pin, a, i) be a function of the real variables n, a, t 
which, when considered for values of a such that a < a' < a < b' < b, satisfies 
relations (I) and (III) of § 51 and is such that if tve place 


(30) ^(n, a, 0 •= _l_ I a, t) -|- (pin — 1, a, i) «5>(0, a, <)] 


the following relation is satisfied: corresporuling to a given t > Q we shall have for all 
subsequently chosen sufficmitly large values of n 


( 11 )' 


J* l4>(n, «, t)\dt<C 


where 0 repremih a eomtant independent of n, a and €. 

Ako^ letf{x) be anp fumt ion which satiefies condition (A) of § 51 together with 
the folhmmg: 

{BY When comulefed in the mdghborhood of the {special) point x = a {a' < a 
< 60, the Imibfiex ■— ()),/(« + 0) exut 

Then we ihall have for the {special) value of a mentioned in {By 

(31) lim f f{x)^{n, a, x — a)dx = | [/(a — 0) + f{a + 0)]. 

nxm Jn 

Moreover, if if mtead of condition iB)') fix) is continuous throughout the interval 
ia', b'), the points x = a', x = b' included, we shall have uniformly for all of the 
same mines of a 

lim f fix)^in, a,x — a)dx — fia). 


The proof of this theorem, like that just indicated for Theorem I, is at once 
supplied upon following the steps indicated in § 46 with reference to tlie special 
integral (6) there occurring. We therefore omit it. 

53. As a generalization of the Theorem III of § 46 we have tlie following 
Theorem III. Let <p(n, a, t) be a function of the real mriabhs n, a, t which, 
when considered for the special values a — a, a — b {h a) satisfies the fallowing 
four relations in which n is restricted to positive integral values and in •which e repre- 
sents a positive quantity which may be taken arbitrarily small: 



I when a — 5 + « ~ ; t ' \ 
when e Tst ^ h]— a — e. 


e, 


(II)a, { Relation (II) of ^55 is satisfied when a — a and t lies in the ■interval 
0 ^t^e; also when a = b and t lies in the interval — e t 0. 

/TTTN 1 1 a, t) I < R when a — b e "I t "" — 

1 1 ‘pin, b,t) \< B 'When e t "i b — a — «, 

where B is a constant independent of both n and t. 

(IV) (p{n, a, t b — a) = <pin, b, t b — a) »=* <p{tt, a, t) = q>(n, li, i). 

Also, let fix) be any function which satisfies condition (A) of § 51 and is such 
that in arbitrarily small neighborhoods to the right of the point x ^ a ami to the left 
of the point x = b it has limited total fluctuation. 

Then we shall have 


lim f fix)(pin, a,x- a)dx = lim f fix)tp(n, h, x - h)dx 

n-^oo %J a t/j* 

* 3 \.fii> ” h) + /(« + 6)1. 

Proo/.— Here again the proof may be easily aupjdied upon reference t<j the 
analysis occurring in § 48. Thus, for the case in which a ^ b wo may write 

which, upon maHng the transformation f^b-a + tin the first integral of the ' 
last member and maldng use of (IV) becomes 


“ X-H. X 

+ X + ^)‘Pi^, o. 


JUJLliJltXJI X JXJCj V/ XV i 


Of the three integrals here appearing, the first approaches the limit zero when 
n=: 00 , as results from (I)„, (ni)a, i. and (A) while the second and third approach 
respectively the limits 1/(6 - 0) and |/(a+ 0), as results from (I)a,6, (n)a.6 
Mid the assumption regarding the behavior of f(x) in neighborhoods arbitrarily 
near to the points x = a and x = b. 

Similarly, in ease a = a we may write 


— a — e ^6 — a \ 

f(a + i)ip(n, a, t)dt = I I + I +1 ]f(a + t)<p(n, a, t)di 
\«/0 / 

= fi«- + 0<p(n, ft, t)dt + J* /(6 +t)<pin,b, t)dt 

+ r /(« + i)dt, 

Jo 


from which we ileduee the indicated result as before. 

54. Again, we have (ef. the remarks in § 49 on Theorem IV) the following 
Tiikokkm IV. ip(fi, a, t) be afunciion of the real variables n, a, t which, 
when considered far the special values a — a and a = b satisfies relations (I)o.ft, 
(Ill)rt. !, ami (IV) of § 54 and also the following: 

The integrals 


(n)'„,(, - 1, t)\dt, l<i>(n, 1, i)\dt (e > 0), 


when considered for all values of n sufiiciently large remain less that a constant 
{indepemlent of «). 

Also, let fix) be any function which satisfies condition (A) of § 51 and is such 
that the limits /(ft + ()),/(6 — 0) exist. 

Then tee shall ham 


lim I /(J‘)‘t(ft, ft, X — a)dx 

nmm */« 


lim I /(*)#(», b, X — b)dx 

nsaW Jok 


= H/(6-o)+/(ft + o)]. 


55. Btmidea tlie relations given in Theorems III and IV concerning the func- 
tioms ^(n, a, t) and <pin, b, t) (which relations are satisfied in particular by the 
function (5) jHTtaining to Fourier series, with a = — tt or a == tt) it is important 
to note certain others which we shall find fulfilled by some of the functions 
tpin, a, t) met with in the succeeding pages but which are not fulfilled by (5). 
These relations together with their effects upon the limiting values of the integrals 

r fix)<pin, a,x~ a)dx, f f(x)i(n, a, x - a)dx 

Ja 

Vf6 now summarize in the following four theorems: 


OUMMAJsiJjii x UJJ X' 


Theoeem V. Let <p{n, a, t) he a function of the real variables n, a, t which, 
when considered for the special value a = a satisfies the foUoumig three relations 
in which n is restricted to positive integral values and in which e represents a positive 
quantity which may he taken arbitrarily small: 


lini ^(n, a, t)dt 

nssoo Jq 


{b > a), 


Gi being a constant {independent of t). 

(II) a Relation (II) 0 / § 51 « satisfied when a - a ard 0 g t Si e. 

(III) „ \<p{n, a,t)\<B; eSt^h- a, 

B being a constant independent of n ard t. 

Also, letf{x) be any function which satisfies condition (A) of § 51 and is such 
that it has limited total fluctuation in an arbitrarily small neighborhood at the right 
of the point x = a. 

Then we shall have 


lim I f(x)<p{n, a, z— a)dz =* (hf{a + 

«i=oo %/a 


Theoeem VI. Let <p(n, a, t) be a fu7wtion of the real mrmhleTi a, t which, 
when considered for the special mine a ^ b satis/ttuH the following three relutumn in 
which n is restricted to positive integral vahies and in which € repremaitB a pomtim 
quantity which may be taken arbitrarily small: 


lim I <p{n, b, t)dt = — 0^ 

n=:00 •/o 


{h ^ ay, 


O 2 being a constant {independent of t). 

(II) i, Relation (II) of § 51 is satisfied when a 5 and — e 'I t 0. 

(III) 6 I (p{n, b,t)\< R-, a — b Si t Si — t, 

R being a constant independent of both n ard t. 

Ako, letf{x) be any function which satisfies cordition {A) of § 51 and is suck 

that it has limited total fluctuation in an arhitrarily small neighborhood at the left 
of the point x = b. 

Then we shall have 


lim f f{x)cp{n, b,z — h)dx 

nsssoo a 


Grfib - 0 ). 


Theoeem VII. Let <p{n, a, t) be a function satisfying relations (!)« and (III)* 
of Theorem V but, instead of (II),., the following: 

(II)a Relation (II)' o/ § 54 is satisfied when a ^ a, it being mderstood that 
the integration there appearing is then taken from 0 to « instead of from - e to e. 
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Also, let fix) be any function which satisfies condition (A) of § 51 and is such 
that the limit f(a + 0 ) exists. 

Then we shall have 

lim I fix)^in, a,x- a)dx = G^fia + 0), 

Wesoo <Ja 

where $ is defined by (30). 

Theokem VIII. Let tpin, a, t) be a function satisfying relations (I)^ and 
(III),, of Theorem VI but, instead of (II)^, the following: 

(II) b' Relation (II)' of ^ 52 is satisfied when a = b, it being understood that the 
integration there appearing is then taken from — e to 0 instead of from — e to e. 

Abo, let f{x) be any function which satisfies condition (A) of § 51 and is such 
that the limit f(b — 0) exbb. 

Then we shall have 

lim f fix)^(n, b,x— b)dx = O^fQ) — 0), 

n«oo <Ja 


where <l> is defined by (30). 

The first of the Theorems V, VI results directly upon writing 


X 6— a / ^h—a \ 

f(a + t)<p{n, a, t)dt + J )/(“+ t)<pin, a, t)dt; e > 0 


and then applying to each of the last two integrals the methods already used 
in § 48 for the study of similar integrals. 

Theorem VI likewise results upon writing 


(32) Sn{h) ~ f fib + t)<pin, b, t)dt = ( f + f )f(l> + t)^(n, b, f)dt. 
Ja~h \ J-. Ja-i J 


The proofs of Theorems VII and VIII being likewise readily supplied, are 
suppressed. 

56. We proceed to make certain observations which will prove useful in 
applying the general theorems of §§ 51-55 to special integrals (27). 

(1) If in applying Theorem I of § 51 it is found that for some special value 
of t different from zero, t — ti^ 0 say, the function <pin, a, t) becomes infinite 
or otherwise is of such a character that uncertainty arises concerning any one 
of the relations (I), (II), (III) when t = <i, then the theorem wiU still hold good 
provided that it can be shown that the integral 

1 /(“ + 0<®(«> <) I 

A-f 

where J is arbitrarily small and > 0, approaches ( 71 = 00 ) uniformly the limit 
zero for a < a' ^ a ^ b' < b, or else is such that for the same values of a and 






for all (positive integral) values of n the same integral approaches uniformly 
the limit zero as ^ == 0. 

An examination of the method used in proving Theorem I shows at once the 
correctness of this remark. More generally, in case of uncertainty of any kind 
in the behavior of /(a + t)(pin, a, t) for the value t = h 0 (a — a < ti < b — a), 
it suffices for the existence of (28) and (29) that relations (I), (11), (111), (/I) 
and (B) (or in (29) the substitute for (B) tlu^re mentioned) shall he satisfied 
throughout the two intervals (a — a ^ t ^ h — {h + ^ t • b ~ a) 
(^ arbitrarily small and positive) instead of throughout tln^ whole interval (a ~ a, 
b — a), provided merely that the expression I( above defined has either of the 
properties just mentioned. 

If the exceptional point is ti = a — a then, instead of the two intervals, we 
have to consider the single one (a — a + f 2 < i:? b — «), while instead of 
as defined above, we shall have to consider the int<*gral 


I /(a + t)<p{n, a, t) \dL 


A corresponding statement may at once be supplied for the ease in which the 
exceptional point is ti = h — a. 

In the case of two or more of tht; exceptional points h (« — a h " ; h — a) 
the corresponding statements are readily supplied. 

(2) The conditions demanded in Theorem 11 may be stated without reference 
to the function <p(n, a, t). Thus, it suffices (aside from the conditions upon 
/(a:)) that the function f>(n, a, t) shall satisfy relations (I) and (111) of Theorem I 
together with (II)' of Theorem 11. 

This follows from the fact that the conditions pla<fed ujkui <pin, a, t) in 
Theorem II are there inserted merely that 4>(«., a, t) may have the properties 
just indicated, the latter being those upon which the proof in reality <lepends. 

Similarly, in using Theorems VII and VIII the conditions stated relative to 
<p(n, a, t), <p{n, b, t) may be replaced by the same conditions referred to ^(w, a, t), 
f>(n, 6, t). 

(3) Assuming that relations (II), (III), {A) and (B) of Theorem I are satis- 
fied, let us suppose that instead of relation (I) we have the following:*^ 


(I)' 


lim r <p(n, a, t)di ■ 

nan 00 a/Q 


i + x(«. t) 

I + x(a, i) 


when a — a Zit ^ 
when 6 £ t ^ b — a, 


where xfa, t) is any function of a and t such that 

(a) Having given an arbitrarily small positive quantity cr, one may determine 
a positive quantity ^ dependent only upon <r such that 

“ As in (I) of § 61, it is here to be understood that the oonvargence (n ** « ) is uniforaa 
for the indicated values of a and t. 
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|x(a, i)l<a' when 

(h) The partial <lerivative dxidt exists whenever a' ^ a ^b', a — a^t 
— a and for the same values of a and t is such that 


\ a' <x b', 


dx 

dt 


< il = constant independent of a and t. 


Under those conditions it is easily seen that the function <p(n, a, f) — dx/dt 
comes to satisfy relations (I), (II) and (III) of the theorem of § 51 from which 
it follows that for a fixed value of a s\ich that a' “ a ^ 6' we may write 


f /(•^) + liin r f(.^)<pin, a,x — a)dx 


/(a — 0) + /(<^+_0) 
2 


Moreover, if (instead of condition (F)) f{x) is continuous throughout the 
interval a' Si x b', the end points x — a', x = b' included, and has limited 
total fluctuation throughout an interval (ai, Z>i) such that a < ai < a' < h' 
< hi < h, then for all values of a in (o', b') the equation will hold true uni- 
formly, it being understood that the right member is then replaced by /(a). 

Analogous remarks redative to Theorems (III), (V), (VI) are readily supplied. 



in 


The Calculus of Residues as Applied to the Sehies Devki-opmenth foii 
AN Arbitbary Function.^^ The General I’KoiiLKM of Sturm 

57. A comparison of the developments occurring in mathematiciil physics 
for a function /(«) of one real variable x shows that they are ordinarily of the form 


„ r f{x)F{x)IhO<„, x)dx 

+ Ih{K,x) 

J Fix)lh^0^n, ^)dx 


(X„, x)dx I /(x)/''(j‘)// 2 (X»t x)dx 

+ Wn, 

y.„, x)dx j F(x}/IiHXn, x)dx 

j Six)F(x)lI,„(K, x)dx 

+ • • • + //m(X«. J") ph 

j f (.r)//J(X„, x)dx 


where HiQ^, x), Ih(Kn, x), • ••, //m(Xn. *) are m functioiLS of j- and of a <-ertain 
parameter X which takes different values from term to term in (dll) according to 
some given law, and where Fix) is a function of x only which is finit(* throughout 
the interval (a, b). 

Thus in the case of a Fourier series we have m »= 2, //i(X„, x) - sin nx, 
EiiXn, x) = cos nx; and a = — ir.b ~ ir, Fix) = 1. Again, in dealing with the 
usual expansion of fix) in terms of IJessers futu^tion of order zero, we have 
m = 1, IhiXi, z) — JoiK, x), a ^ i), b — I, Fix) » x, X„ being one <tf the roots 
of the transcendental equation J^ix) = 0. 

It is to the important developments (113) that we shall liereafter devtite our 
attention. 

The first n terms of (33) when considered for any particular value of x such 
as a: = a may evidently be put into the form 


fix)<pin, a, x ~ a)dx, 

where 

“ The calculus of residues was first applied by Cauchy to the study of infinito wriiw, in 
particular to Fourier series (cf. Picaki), “Traits d’ Analyse,” Vol. II, Chap. VI, | li cl m-q). Its 
application to the general study of developments in tenns of normal functions appimrs to have 
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(34) 


<pin, oc,x — a) = '^'^ a) 


F{x)HB(Kr, x) 


rs»t «rsl 


r F{x)Ha^{\r, X)dx 


Upon refcrritiK to the theorems of §§ 51-55 it thus appears that in order to 
show the summal)ility or convergence of series (33) to the value 


/(a — 0) 4- /(« + 0) 


or 


/(a + 0)+/(6-0) 


or Gi/(a + 0) or (?2/(5-0) 


according to the cases there considered it suflBices to show that the conditions 
specified for ip{n, a, t) in the same theorems are present when 


(35) 


<p{n, a, 0 =* Z) Z//.(Xr, O') 


Thus the integral 


Fja + t)I hi\r, a + t) 
f F{t)n,\K,t)dt 


(3«) 


J ' <p(n, a, t)dt, 

0 


which plays an important part in these theorems, becomes in the present case 


„ « r Fia+t)II,(Kr,a + t)dt 

(37) f <p(n, a, t)dt = Z Z a) ~ — pr“ • 

T(<)///(Xr, <)d< 

«/ a 


5H, Now, tlie valiu‘» Xh Xt. Xa, • - , Xn, • • • of the parameter X are usually 
givm m the rocitn (or part of the roots) of some transcendental equation u(z) = 0 
wlieiT uiz) iH a function i>f the complex variable z which is analytic throughout 
all finite portions of tlic s i>lant\ Thus in the case of Fourier’s series we have 
n{z) Hin wz atul in the above mentioned case of the expansion in Bessel’s 
functiem <if cmlcr zero we have u{z) — Moreover, these roots, when 

considered as 7.eros of the function i4(s) are ordinarily 2 ;eroB of the first order and 
we shall sup]KiHe this to be the case in what foll^-^^' 

Then tlu* function ie(s) « 1/m(s) will he ana^-trnr^fRroughout the finite z 
plane with the cxcejition of the points Xi, X^, Xs, * • *, Xn, • • •;, where it will have 
poles of the first order and, considering diz) to be any other function of ^ which 
is antilytic! tliroughout the finite s-plane, we shall have, provided p is a positive 
integer, 

fi(z)H!»’(3)(a - X»)'» - + [0(a)w’’(z)(z “ X»)’’]L(2 -\d+ 


( 38 ) 


^ (2 _ x„)p-i -f wi(2)(z - x„)p, 

^ (p - 1) I 


where A is the limit of m)(z)(z — X„) as z = X» and Wi(s) is a functioi 
is analytic in the neighborhood of the point z = \n and wlu>re 

indicates the value of the 5th derivative of 6(z)w’'(z){z ~ Xn)'’ at the jx 
From (38) we have 




(39) 


(z - X„)^ 




[0(z)u'nz)(z - x„)i: 


{z-K)(i>- 1)! 

and integrating in the positive direction about any closwl confoti 


encloses the point z = X„ but no other pole of w{z) we hav<‘ by { 'uuch 
theorem 

[fl(3)wf(s)(z -■ X„)'1';, ‘ 

(p-l)I 


(40) ~jJ^0(z)io’‘(2)dz 


If, therefore, we integrate about a dosed contour wfiieli encloses 
of the points Xi, Xj, Xa, • • • but no other poles of ir(z) we shall have 


(41) 


1 

2x1 




i>s.i ip — U ‘ 


and hence also 
(42) 


Urn 2 ^/ £W=)-"W 

Hi \p 


)(5 - xji:;. 

i)i 


I 


whenever either side of the same ri'lation has a meaning. 

In particular, when 21 *= 1 and p 2 we have respectively 


(43) 

:nl 


(44) 

-Lf 

27ri 

or, since 

U(.) 

w{z){z - 


z 'X-H 


l’(3)(3 - X«)L , 


“'w+(jI^)'(=-x.)h7(;!7j;;,= ..x. 

[0(z)«)»(z)(z - KH, = 6'Q.nMMz - Kf] + 0(X„)l«."(.)f3 - XJi;. 


relations (43) and (44) naay be written in the form 


(45) 



_1 

27ri 


n 

= E 

(40) 


L 

27r'i: 

f 0(z) 
Jryiz) 

&-z{ 

e'(x„) 

M'(X„) 

It is 

desirable: 

to 

note also that if in (40) 

obtain 






1 

2xi., 

r 0(z)t^(z) 

U "-(s) 

dz 

1 e'(\„)HXn) 

1 n'(Xn)^ 

+ 6{X, 


16 


u'iXnY 


I 


so that if — ^(X„)m"(X„) = 0 we shall have 

Hs) ^0'(X„),/^(X„) 


(47) 


i. f 

in Jr, 


5 u'iKy 


59. We proeeeil to apply the results in (45) and (47) to the sum (37) which 
defines tlu^ integral (3(i) whose properties are desired in order to investigate the 
convergence of (33). 

la^t us suppose that for the given value of a we can construct a function 
6(g) which shall he analytic throughout the finite z plane and such that its value 
at the points Xu Xs, • • • , X„, • ■ • shall be given by the equation 


(4H) 


6(X„) « E 


, //.(X„, «) r /’’(«+ f)/7«(Xn, a + 
«/() 


t)dt 


f F(f.)fIJ(K, t)dt 

As a result of (45) we shall then have 


M'(Xn). 


(49) 


j‘Hn.c.Ddl.^^f^dz. 


If, again, we can construct a function 6(z) analytic throughout the finite plane 
and subject to the single restriction 


(50) 


6'(Xn) “ E 


//.(x«,«) ( F(a+t)ir.(Kn,a + t)dt 

. „-'0 


^(X„) f Fii)nj(K,t)dt 


n'(K)\ 


where ^(s) is any function of z analytic throughout the finite z plane and such 
that ^'(X„)«'(X„) - 4d(\n)u''iXn) then, upon applying (47) we shall have 


(61) 


r t i\At ^ r A. 


'• Cf. Chapter I, formula (30). 



It thus appears that by means of (49) and (51)" the discuaaion of (37) may 
sometimes be transferred to that of an integral of a complex variable 2 . This 
will be the case in the special developments to be considered in what follows. 

60. We now proceed to examine the series (33) in some of its more important 
cases— viz., those related to the general problem of Sthkm.”* Here we have 
m = 1 and, representing by //(X„, a:) the single function /fi(X„, a-), we have by 
hypothesis ^ 

(52) f F(x)II(Xm, a:)//(X„, x)dx = 0 w/im n 4= w. 

•/fit 

Moreover, when x is taken between a and b (a and b included) the fuiudion 
H{z, x) is assumed to be analytic in z throughout the finit(‘ z i)huie and real when 
2 is real; also to be such that when z has any one of the values Xi, Xj, ■ ■ • , X„, • • • 
it is a solution of a certain linear differential e(iuation of the forju 

(53) (^K{x) ) + [Fix)p{z) + Frix ) ) Iliz, .r) = 0, 

where K(,x), F(x) and Fi(:x) arc functions of a: only, while viz) is a function of a 
only. 

In such cases the developments (33) assume the form 


00 


(54) 

23 (^» 

where 

/%h 


1 mF{x)lIiK,x)dx 

(55) 



F(:x)IP{\nr^)dx 


We first proceed to note certain general consccpienee's wliich flow from the 
above restrictions upon Iliz, x). 

From (53) we have 

( 56 ) I ( Jir(x) ^ ) + {Fix)viK) + F^ix) 1 //(X«, X) » 0 . 

It is to be observed that if in (49) the function ${z) hfw singular |>olnti 4 within tlio foriritila 
continues true provided that the sum of the n^idiKts of the right integriind iit «uelt |K»ifilii Iki 
subtracted from the second member, Similar remarks avidtmtly apply in ( 51 ) if Iww 

singular points within C». 

Cf. DiNi, ^'Serie di Fourier, etc./^ §§90^6. The prcddtm hiw bm^ 

subject of numerous and extensive rc^aarehea in recent years, hut uwially undi»r thi^ iwHiiiiiption 
(not here introduced) that the differential equation (53) in of who«f! ntdnthiiw the prtifMJHiwi 
development is to be made, shall have no singular |)oints within the itilervfil pi, 5) for 

which the same development is to hold. But this wwumption unfortniiatoly mlm lUit wiini* of 
the most important special developments, such as thiBo in terms of fiimiioiw find l 4 »g<*‘n«lre 
functions. For summary r^arks upon the more recent reseiurehwf of this tdiariirter, mni! IiAi*iiKii’» 
address before the International Congros of Mathematicians at Cambridge in Angiifit, 1III2, 1 1 L 


(57) - 0. 

Hence, after mnltiplying both members of (66) by //(X„, a:) and both members 
of (67) by // (Xm, a;) and subtracting, we obtain 

F(x) {KX») - »'(Xm)}//(X„., a:)/J(X„, x) 

= I - { m [ //(X„, a:) - //(X., a:) ] | 

and tlicrefore 


r Fix) n(K„„ a-)//(X„, x)dx = I K(x) \ //(X„, x) 


— //(Xm, a) 


dII(K,x) 

dx 


]i:- 


Thus, in order thtit (62) may be satisfied it suffices that the roots Xi, Xz, X3, • • 
be HO chosen that 


m 


(69) 


fTf\ X\ x) Tr/\ \ d/7(Xn, x) 

HiK.x) -mK„x) 


Kia) [ //(X„, a-) - IliK,, X) — = 0, 


provided w + n. M(ir<>over, among the different ways in which this relation 
may exist is that of supposing tiiat for every value of n we have the following 
two e<iuati(ms simultaneously: 


(<i0) 


/Cfa) — A'//(Xn, a) = 0 when x = a, 

/C(x ) ~ hIJi'Kn, x) = 0 when x = b, 


h and h' I>eing any real constants, including the limiting values A = ± «> , 
h' ~ zk «> (‘orresiamding to which the same equations become J/(X„, a) = 0 
and //(X«, b) = 0 reai>ectively. We shall hereafter confine our attention to the 
cases in which relations (60) are satisfied. Furthermore, if Kia) =|= 0, if (6) =|= 0, 
we shall sujipose that the transcendental equation uiz) = 0 whose roots deter- 
mine the quantities Xi, Xa, Xj, - • • is taken in the one or the other of the two 
following rnamuTs: 

(01) uis) = ^Kix) - h'Hiz, X) = 0, 

(62) 7iiz) - [ Kix) - hUiz, X) = 0, 

10 
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thus rendering one of the two relations (60) satisfied at once. Similarly, if 
K{a) = 0, K(Jb) =1= 0 we shall use (62). In this case it is to be observed that we 
have merely to place h' = 0 (u(z) having been chosen as indicated) to have 
equations (60) satisfied whatever the solutif)n II (z, x) of (52) chosen to be tised 
in (54). Likewise, when K(a) 4= 0, K(b) = 0 we shall use (61) in which case 
the solution II(z, x) of (53) to be used in (54) may be chosen arbitrarily. Finally, 
if K(_a) = 0, K{b) — 0 the equation «(z) = 0 may be taken arbitrarily togc-ther 
with the solution II(z, x) without destroying the coexistence of (60). 

61. We add that if the solution II{z, x) considered as a function of the two 
variables z and x is finite and continuous together with its first and stuumd partial 
derivatives: dlljdx, dll/dz, d^IIldxdz for all real values of x such that a * x ; ' h 
and for complex values of z in the neighborhood of each of tlie points s — X„, 
and if the equation (61) {h' finite or infinite) is satisfie<l UhnlimUii for all values 
of z in these regions, then it is easy to evaluate each of tlic integrals 

(63) Cl'\xW{\n,vr)dx, 


which appear in the coefl^icients f/„ of the serit's (54). 

In fact, if we change Xm to z, as wc may now do, and integrate from a to x 
(a < X < b) WG shall have by (58) and (61) 


x)iiQ^, x)dx = i [iv'(*) { //(z, 


//(X„, X) 


d//(a. X) 

dx 


}]■ 


and this holds true for any value of z in the indicated regions. 

Whence, upon allowing a to approach the value X» we obtain under the 
present hypotheses 


jymKK x)dx = [a'(x) ■ 


'dIl(Kn,x) dn(Kn, t) 
d'Kn dx 


IKK, 3-) 


dv/(x, 


». 3-) 

dXndx 


!]■ 


where if desired Xn may be changed to z for values of z in the indicated regions. 
Passing now to the limit as a: = 6 we obtain 



r 

•/a 


F(a:)/P(X„, x)dx 


1 . fd//(x„,x)a//(x„.3-) 

»''(x„)L^^^ I ax, dz 


- IHK, X) 


a^//(x„ x) 

dX»3x 



in which as above we may replace Xn by z provided a has values in the indicated 
regions. 



Finally, by use of the second of equations (60) we may write (64) in the 
following form when h is finite: 


(«■', = /(X., } ].■ 

In like, manner, if ft = db <» so that //(X„, ft) = 0 then (64) may be written 


((Hi) 




ny .5) 

dx 


(52. Kxj>r<‘ssions ((54), ((if)) and ((5(5) thus enable us to find under special con- 
ditions the value of the integral ((555). Among the cases in which the same 
special conditions cannot be satisfied, the following are to be especially noted. 

If, as have suj)pose<l, Fix) and //(Xa, a;) are real when x is such that 
a ‘ ! X ~ ft and if in this interval F{x) does not change sign, then the integral 
((51!) cannot be ecpud to zero. Whence, under these conditions (64) cannot be 
used if A'(ft) 0 (ft finite or infinite) or if 


((57) 
or if 

d//(X,„ x) 
dXa 

or (as appears from ((io)) if 
, d//(X,„ x) 


m 


//(Xa. ft) = 0 
0 or 


(ft finite) 


dlUK, r) 

dx 


(09) 


flXa 


Kix) 


a-f/fX,,, .r) 
dXndx 


0 (ft infinite) 


0 (ft finite) . 


(5:?. Returning then to the series (54) and assuming that the quantities 
Xi, Xa, Xs. • • ■ are taken as the positive roots of the equation (62) while the equa- 
tion (01) shall be satisfied {(Imtlmll}/ for all values (real or complex) of z in the 
neighliorlutods of the same values; assuming also that the partial derivatives of 
//(a, j*) exist and satisfy sueli other ccuwlitions as we have imposed in § 61, we 
may say that unlt*ss A*(ft) 0 or one of the conditions (67), (68) or (69) is satis- 
fi«‘(i, we shall have for such devt'lopments when ft is finite 


«(=)»[A'(.r)^^^^^^^-ft//(z.a:)]^, 

dllifin, X) 


(70) 


f F(x)mK, X)dx »• //(Xn, *) { h' 


d\n 


,,, .dHIifin 
A(x) 


^11 = 

d\ndz I 


On the other hand, if A » ± «>, we shall have 

«(*) »■ i/(z, 6), 


u'(Xn) 

v'iK) 


Hifin, ft). 



(71) 


/• 


F(,x)H^(K„, x)dx 


U'(K) r rr, s X) ■ 

7(X„jL dx J/ 


Upon applying formulas (49) and (51) we thus obtain the following gciu'ral 
results concerning the integrals (36) pertaining to the present developments: 

(1) h finite. Formula (49) here gives 


(72) J <p(n,a,t)dt = ^^£^- 


p(z)II(z, a) f F(cy + €x + t)dt 
Jo 


n(Z: 


.a// 


hll 


Itn, 


where Rn represents the sum of the residues of the integrand at any singular points 
which it may have within Cn besides the points Xi, X 2 , • • • , X„; i. e., besidc's those 
points z — \n, within Cn, for which 

(73) [z(cr)||-A//]^ = 7/(a) =0. 

Formula (51) here gives 


(74) 


r r A u ^ C 6{z)\(/iz)dz 

J. = pa// 


A' ; - /i// 
dx 


where Rn represents the sum of the residues of the integrand at any singular 
points which it may have within besides those points z = X„ for whieh (73) 
exists, where ^(z) is a function of z only such that f'i\n)ii'i\n) — ^(X„)«"(X„) « 0 
and where d{z) is to be so determined that 


(75) 


9'(Xn) 


»''(X„)M'(X„)//(Xn, a) j ' F{a -f- a + t)dl 

Jo 


b) 


(2) h = ± <x>. Formula (49) here gives 


1 r. v'{x)Jl{z, a) f F(a -j- t)//(2, a + 
(76) <p(n, a, t)dt = ^. ‘ ;, rr v 


t)d/ 


(^f )/'<=• 


Rn, 


where Rn represents the sum of the residues of the integrant! at any singular 
points which it may have within Cn besides those points for whielt 


ff(z, b) Bs u(z) == 0. 

Formula (51) here gives 


( 77 ) 



1 r ip(z)6(z)dz 
2TiJt;, ' lP(z, b) 



Problem op Sturm 


where /f„ rc'prcHCBtH the sum of tlie residues of the integrand at i 
points which it may have within (\ besides those points for which 

II{z,h)su{z) = 0, 

wiiere 

, , !A'(X„)«'(X„) - ^PCKn)u"i\,) = 0 

and wtiere 



IV 


The Summability and Convergence of Important Hpeciaj. Developments. 
Developments in Terms of Bessel Functions, Lk(!eni)uk 
Functions, etc. 


1. Certain Important Sine Developments. 

64. As the simplest application of the preceding general reHults to well- 
known developments in mathematical physics, we now turn to the development 

(79) S <h 
where 

(80) fii) sm \„jr dx 

and where the quantities X» are the po.sitive r(»ots of the (‘(piation 

(81) z cos z + p sin z »= 0, 
p being a (real) constant 4= — 

In this case //(z, *) == sin zx so that the differential equation (Bii) hceoines 

(82) + z*//(z, *) - 0. 


Thus, we have K(z) = 1, Fix) =■ 1, Fiix) *= 0 and, as apjMuirs from (HO), a = 0, 
6 = 1 . 

Moreover, equation (61) becomes satisfied idetitkally for all value.H of z if 
we place 6' = «, while equation (62) becomes (HI) if we place h ^ — p. 
Considering then that, in the notation of § 60, we here have 

«(z) = z sin z + p sin z 

and noting that the solution sin zz of (82) is one to which the general rimults 
obtained in §§ 61, 63 apply, we may write by use of (64) and (HI), 


sin^zxda: ^ 


d sin zx 3 sin ssc 
3x dz 


3* sin zx 


= ^ [z cos® z — sin z cos z + z sin® 


%"iz^+p(p+ni 



T JvVAJCiXN io 


and henae 


or, since 


we may write 


am^X^xdx - “^r l>-.^ + p(p + 1)] 


sin=* X„ = r 


Xn=* + p^ 


Jo 2(\n^ + p2) 

Thus it upixuirs iu the first place that the coefficients g„ as calculated by (55) 
agree with the given values (80). 

Now, 

u'(s) = — 3 .sin z + cos 2 + p cos z = — z sin z + (1 + p) 


cos 2 — sin z — p sin z = — [2 sin z + u(z)], 


and heIu■(^ 


80 that 


■«'(X„) 


‘[X„“ + p(p+ 1)], 


w"(X„) »« — 2 sin X„ 


r\in^Xxd^-^ 

Jo 2Xn* + p(p-f 


Jo 2X„* + p(p+l)- 

Uit tis jutw avail ourselves of formula (77).*“ In order to do this we are 
first to (letenuitie the fimction ^(z) according to the condition 

\f''(X„)«'(X„) - V'(X„)m"(X„) = 0. 

A jHissihle choice of ^(z) is ^(z) » z* + p(p + 1) since from (83) we have 

«."(X„)_^ 2X„_ 

u'(Xn) “ X„* + p(p + f) ‘ 


Assuming that ^(a) has been cluxsen in this manner, we now have to deter- 
mine a function f?(z) aceonling to the condition (78) which, by means of (84) 
becomes in the present instance 

0'(X„) = 21X„* + p(p + 1)] 

" 2 sin XnOt J' sin X»(a + t)dt‘ 

** Dixi Imw shown Ihrouah an <*lab<>r»te investigation that this formula will always lead to de- 

eWvn wliffiiwr tha wliitioii l/(«, z) hm the special form H(zx); that is, when the variables 

* aiici X enter ciiily tlirmigh their product. (Cf. *‘Berie di Fourier, etc.,” §§ 97-109.) The well- 
known dfwf»i«ipmriit« ill tt^rtiw tif Ili«iel functions form a special class of this kind. 


sin \na 


f sin Xn((x + t)dt 
^0 

H'Xn) 




OUMMABlMTi: OJb BUUJlUiliM Udiixuo aj.'iw 


Hence, let us take ^(z) such that 


d'{z) = 2 sin za f sin z(a! + t)dt 
Jo 



cos (2a + 


In particular, let us take 

0(z) = [ f [cos iz — cos (2a + t)z]dz(lt = 
Jo Jo 

Formula (77) thus becomes 



sin (2a + Os 
2a + i 


dt. 


(85) 


r‘ If z- 4-7>(7^+1) r'fsinta sin(2a + 02 

!(, ^ ~ 2iri Jc„ [z cos z -j- p sin s]^ Jo L ^ ^ 

_ J_ 0' r 1 + wi(3) sin fe . 

“ 27ri Jo “ Jc), [c<>« z + W 2 (z) sin =]-’ t ‘ “ 


dtdz 


2 x 1 Jo 2a + [cos s 4- wa(2) sin sP ^ 


where the contour (?„ is so taken as to inclose the roots Xi, X*, • ■ ■, X„ and only 
these roots of the equation u{z) = 0 uiul where, in the last two intcf^ruls we liave 
placed for simplicity 


wi(z) = 


pip + 1) 


«2(z) 


Z ' 


We observe at this point that in applying Theoretns I nn<l 11 of §§51, 52 
to the function <p{n, a, t) of the present development, tin- values of a ami t with 
which we shall bj concerned are sueli that 

r ()< a' < a < 1 / < 1, 

(86) -I — a S i ?■* 1 — a, 

[, ()_< a' < a ' 2a 4" ^ 5’ 1 4* « < 1 4" < 2. 

Returning then to (85), let us take us the contour the rectangle formed in 
the z plane (z = x 4- iy) by the lines z == x. + ij, z ^ x — ij, z - iy, s k 4 i.v: 
i being any positive quantity arbitrarily large and k being any positive (juantity 
lying between X„ and X„+i. Now, the function appearing in the integrand of 
(85) is an odd function of z which remains finit<^ in the neighhorhootl of the 
point z = 0 since p 4= ~ 1- Whence, the portion of the integral in qtn’stioii due 
to integration over the y-axis is equal to zero, tliam the sides whic-h an* parallel 
to the x-axis we have dz = dx. Whence, considering first tin* sitle uihui which 
z = X + ij the last integral of (85) extended over this side becomes 

^ r* (1 4" wi} (sin Ax cosh 4[j4" i cos Ax sinh .lj| 

27riJo A Jo ■■■" Dilh 

where A = 2a + t, Di — cos x cosh j — i sin x sinh j 4“ m, Ih “ sl» ‘'O'^h j 
4- i cos X sinh j. 
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Now, the functions wi = ^1(2), = co2(z) are each less in absolute value 

than a constant (independent of z) provided \z\> Q = fixed number > 0. 
Thus, we have hut to make use of the well-known properties of the hyperbolic 
functions to see that if we place j = -|- 00 the expression above will approach 
uniformly the limit z(>ro for all a and t satisfying relations (86). 

Similarly, we reatih the same result for the last integral of (85) when extended 
over the side upon which 2 = x — ij. 

Turning now to the first integral in the second member of (85) extended over 
the si<lcs upon which 3 — a* ± ij, we note that 

sin iz sin tx , . . sinh tj 

. = . cosh <7 ± t cos tx~ . 

it t 

and hence, 

sin te .... • , . 

^ = X cos tiX cosh tj ± cos tx sum hj, 

where /i and t« arc* values lying l>ctwccn 0 and t. Moreover, for all values of t 
und(T con.sidcTation in (86) we have 1/1< 1 so that if we place j = -1- <» as 
Ix'fore, the first integral in the .second member of (85), like its last integral, will 
approacli uniformly the limit zero for all values of a and t concerned in (86). 

VVe turn tlien to tin' consideration of the last member of (85) when extended 
over the si<le of tin* rectangle C,, which is i)arallel to the ?/-axis. Here we have 
g =! A- + iy, (h ■- Uly and, having taken j = -}- 00, we see from what has just 
been said that for all values of « aiul t in (86) this member reduces to 

1 r', r* 1 wi .sin fa 

2rrJ„ ''^/.«lco.Hz-t-W 2 sinzf t 

(H7) 

_ I r‘ dt p Hin( 2 a + 0 2^ 

‘lit J„ ‘la ■+■ t [cos z + C02 sin zf 

in which it is undcrst«>od that z » A: iy. 

Now, it sufliccs for our purpose to examine the behavior of (87) as jfc = <» 
and we may take for k any number which, at least for all values of n greater 
than some fixed value, incrt‘a.Hes iiulefinitely with n without at any time being a 
root of the ecpnition viz) *= 0; i. e., of the equation 

E = cos s -f W2 sin z = 0. 

Thus, w'c may take k = nir, in which case 

k? - [cos (nr -f iy) + 0)2 sin (nr -|- iy)f = cosh^ ^[1 + tanh yf 


and hence 



JLOO 


o u mm A,jDj.iJx XX V/ X' 


i. 1 

~ cosh* y 

1 _ 
~ cosh* y 


3 tanh* y + 2iw2 tanh* y 

1 — 2iaj2 tanh y — W2 2ic^^ tanh y — W2* tanh* y 


tanh y 5 


where, upon recalling the form of aiiz), we have 7 = - 2?> and therefore inde- 
pendent of z, while 5 depends upon z but has a modulus less than a eertain fixt'd 
number M for all values of la|>a fixed number ka. 


Thus expression (87) becomes 


■i /^OO / 

27r Jo J-« V 


1 + - tanh 2/ + “2 


SA sin te 


a* / 1 cosh* y 


l_ r‘ dl 

2Tr Jo 2 a + i 


a 


1 4- jtanh y + 


i \ sin (2. 
* / eoj 


2 « + Os 


where 


1 + - tanh y + ;^ == [1 + wil f 1 + ^ tatdi y + ,2 • 

Z Z L ^ ... 


so that 5i like 6 has a modulus less than some constant Mi when |a! > tt fixed 
nwnher =■ hi. 

Considering now the terms in (89) which have a* in their denominut<tr, we see 
that for all values of a and t in (80) these terms approach uniformly the limit aero 
&sk — 00. Thus, since 


sin (2a + t)z 
cosh* y 


sin (2a 4- 0^: 


cosh (2a 4" Oy I 


cosh* y 


4” cos (2a I" Ok 


sinli {2« 4- Oy 
cosh* y ’ 


where 0 < a' ^ 2a 4- < S 1 4- f*' < 2 we have, however great Is] may be, 


so that 


sin (2a 4* Oa 
cosh* y 


- 1 r‘ dt 

2 ir Jo 2 a 4" ^ 


r“5i8in (2a4- 03 , ^ I f- dy Mi 

J_» a* co 8 h*y ^2rJo a''^ ^‘Jo F y* « 7 r' 


I 27r Jo 2a 4- < J_» as* cosh* y 
In like manner, noting that 


sin fa ain tk , , , . ,, sinh iy 

— — “ ^ cosh ty + t cos tk —— 


== k cos tik cosh ty 4- iycoa tk cosh kk, 

where <1 and <2 lie between 0 and t, and recalling that for ail values of t under 


consideration we have \t\< 1, we may write 


It X J. » t cosh* y = w j„ j_„ F+7 = T ' 


Similarly it ai)i>ears that the derivative with respect to t of each of the same 
terms of (W)) has the properties just indicated. 

Thus (S9) rediu'es to the form 




\ sio cosh ty 
) t cosh* y 


(92) 


- i.f 4 -j: (■ + 1 ; 


*■ r rfi, 

2wX. 2a + tJ 


y{k 


P + y' 


•j- tanh y 1 


cos (2a -\-i)k sinh (2a + t)y 

— ( 

+ A(a, t, k), 


cosh* y 


-dy 


wlu'HS for all values of « and t under consideration, A(a, t, k) and dA(a, t, k)ldt 
convt^rge uniformly to zero when k — «>. Or, expanding and dropping integrals 
which vani.sh i<lentieully since they arc relative to odd functions of y, (92) assumes 
the form 

y tanh y cosh ty 


2rJo t J »nosh*y ^ 27rJu t J_„ 


(P + 2/*) cosh* y 


dy 


yi (" , A; tanh w sinh fy , 

’^2rX J « (F + y*)<co3h*y ^ 


(»:5) 


1 r 
2rX 


*'sin (2a + i)k ,, r"co8h (2a + t)y 


2a + t 


dt 


r 


cosh^ ^ 


dy 


+ 


ji r 

2 w X 


^ hIh (2tx + i)k 


2€x + i 


dt 


r 


y tanh y cosh (2a + t)y , 

~5 A 


k^^v 


cosh* y 


yi r' cos (2a + t)k 


f 

V« 


;* . r" k tanh y sinh (2a + t)y j , * ^ ^ 

'“l.e+V "costfs, *+A(»,<,e. 


2rJo 2a + t 

We prtH'cwl t(» consider st^parately the six integrals here appearing. 
The first may he put into the form 


Mt) 


sinf f'coshfy 


BinJ r 


cosh* y 


dy. 


(94) 

where 



Whence, if < > 0 the limit of the first term in the last member as /c = <» is 
/i(0)/4 (cf. Appendix, Lemma II). But 


/i(0) 


X oo 

00 


dy 

cosh^ y 


and hence &.sk= <x> the term just mentioned approaches the limit | wlien t > 0. 
Again, by breaking up the integration in the last term of (94) into that from 
t = 0 to t = V plus that from t = y to t = t {y arbitrarily small and > 0) ami 
observing that the function /i(<) has limited total fluctuation in the neighborhood 
of the point t=Q,it follows that the same term approaches the limit ztTo as 
jfc = 00 (see Appendix, Lemmas I, III). 

Likewise, if f < 0 we obtain lim 7i = — 

jfcssco 

The second and third integrals of (93) may be reduced respectively to the 
forms 


yi 

2Trk 


' sin Id 
kt 


7^ 

2Tk 


f 

poo 

J, 


r°° P y tanh y (a)sh iy , 

^ I ai 


J .2 _|_ y 2 cosh^ y 

P y tanli y cosh tiy 
eosh “ y 


dy, 


where ti is a quantity lying between 0 and t. Since we have always 


¥ 

¥ + f 


^1, 


sin ht 
kt 


< 1 , 


it thus appears that the limit approached by each of these integnds as At = oo 
is equal to zero. 

In order to study the fourth integral of (93) let us make tlu'rein the substi- 
tution 2a-\- 1 = 2 — T. Since k — nw the integral in (piestion Ik'couu'h 


(95) 


1_ r sin IcT r cosh (2 - t)j/ 

Jaci-a) 2 — r ^ J_„ cosh- y ^ 


in which it is to be noted that for all values of a and t in (80) the <iuautity r is 
positive (1 — Z>' < T < 2 — a'). 

The expression (95) is of the form 


(96) 

1 

, . .amkr j 
/i(t) . — dr, 

' sinr 

where 

(97) 

sin r 

J_„ cosh® y 


We have now but to apply Lemma I of the Appendix to the integral (90) 
in order to see that for all values of a and t with which we are concerned the 
expression (96) converges uniformly to zero when k = <». 
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Finally, tlu' fifth and sixth integrals of (93) are readily seen to approach the 
limit zero when /r = oo and the convergence is uniform for all values of a and t 
entering into (.S(i), since we have always |2 q: + < 2. 

In surtunary, tluni, the present function (p{n, a, t) satisfies relation (I) of 
Tlu'oreni I, § HI, it being understood that we here have a = 0, 6 = 1. 

Wt‘ turn ther('for(> to a consideration of relation (II) of the same Theorem. 
This relation is at one(> s('en to be satisfied since, as just shown, all the integrals 
of (93) converge uniformly to zero for all a and t under consideration except the 
first, and this intc'gral satisfies relation (II) of the theorem by virtue of Lemma III 
of the Appeiulix. 

Again, relation (III) of Theorem I, §51 is readily seen to be satisfied in 
the present instance upon noting that the. function <p{n, a, t) is here equal to the 
derivativt' with resp('ct to t of the ('xpression (93) and that dA(a, t, k)/dt con- 
verges uniformly to zero, as already pointed out, when k— os. 

Ih'bire summarizing these results into a theorem respecting the series (79) 
we turn to consider the application which may be made in the present instance 
of the general Thimrem 11 of § 52, thus arriving at certain results concerning the 
sununability of the sanu' series. In view of the existence already demonstrated 
of relations (I) and (III) of § 51 it will here suffice to consider whether relation 
(II)' of § 52 is here fulfilled. Moreover, the properties of the integral 

(9S) f |‘1>(«, a, () I dt; — e t ^ e 

of tlu* prc*s«nit «k'Vi*l(»pnunit are readily obtained from the expression (93). In 
favi, in onler to be ansured of tlie desired properties of (98), it snflfices to show 
that (^iieh of the Ht»ven terms of (93) when affected by the operation 

1 

'e 

has these proiK-rties, it being understood that absolute values are employed under 
each integral .sign and in the integrals which constitute the expression A(a, t, k). 
For the sake of simplicity aiul also because the indicated studies are readily 
carried out, though the forms in (93) are complicated, we shall here suppress the 
details, noting siujply that the desired result follows in each case when we make 
use of iH'inmns IV ami V of the Apjiendix and make use also of (90) and (91) 
in the sttidy of 

^EA(a, t, k). 

n ..lO 

We turn then to note the application of Theorem VI of § 55 to the present 
development in ortler to ascertain the limit approached by the series (79) when 

X * 1. 



For this purpose we first observe that the integral 


f 


(p{n, 1, t)dt 


is here obtained by placing a = 1 in the expression (93). In the resulting new 
expression the first three integrals, when considered for values of t such that 
— 1 < if < — e are readily seen to have the properties already obtained for the 
corresponding integrals for the case 0 < a < 1 (in which case — 1 < ^ instead of 

The fourth term, however, does not approach the limit zero in case a = 1 
since the lower limit of integration in (95) is now equal to zero so that the reason- 
ing before employed can not be used. The resulting integral now assumes the 
character of the first integral of (93) and if treated in the manner naturally 
suggested by the analysis of that integral we find directly that for the values of r 
under consideration the limit approached as 7c = oo is — ”/i(())/4 where /i(0) 
is to be determined from (97). In order to find the value of /i(()) it is desirable 
to make first the following general observation: 

If (p(y) is a function of the real variable y which, together with its first deriva- 
tive, is finite for all values of y then, for any number 0 such that \d\< 2 we shall 
have 

sinh dy 


(99) 


<p{y) 

00 


cosh Gy 1 _ G 


n si 


+ 


^00 

! I <p'iy) 

<00 


cosli“ y 
cosh 6y sinh y 


dy 


cosh® y 


dy-\- 




r<p(y)l 


cosh 0y 
y 


dy. 


In fact, integrating once by parts we obtain 


( 100 ) 


cosh By 1 r“ ^ si 


sinh By 
cosii® 2 / ^ ^ 


+ 


and in like manner we may obtain also 


2 r* 


sinh By sinh y 


cosh^ y 


dy 


(101) 


f oo 

‘piy) 

00 


sinh By sinh y 


cosh® y 6 Xm ^ 


cosh By sinh y 


dy 


+ ■ 


cosh® y 

r°° ( ^ ^y 7 '1 r* n \ 1 

J_„ ^ ^ cosii® y ^ B cosh^ y 

Whence, upon combining (100) and (101) we obtain 
f* / ,cosh0y, 1 sinh 02 /, 2 

c'SPl,'**' - - sX.” “ - ^1. 


+■ 


^00 

! I <^(2/) 

U — oo 


and this equation at once gives (99) . 


_ 2 
0^ 

cosh By 
cosh® y 


' . cosh By sinh y , 

COBVy 


dy 


X oo 

00 


cosh 6y 
cosP y 


dy 



Similarly, wc may find an analogous form for the integral 



sinh dy 
cosily 


ThuH, for th(* function /i(()) where / i(t) is defined by (73) we may write 




lim 

T 0 


sni r 


f. 


’ cosh (2 — T)y 
, coslr y 


dy = lim 


G sin r cosh { 2 —r)y 

r(4— r^)(2-- r) cosh^ t/ 


ss 


4 J « cHKsli ^ 1/ 4 \ eosh^ y 

^[tanh yl** + ^[tanh=' ?/]!!„ j = 



tanh^ y 
cosh^ y 



') 


As to the fifth integral of (93) when a = 1, the values of t to be considered 
are as before those for which 0 < 25 — I and for these we have 

| 2 « + f |=|2 + i |^2 

instead of |2 + t| < -■ 'I'he reasoning employed in studying the corresponding 
integral when 0 < tv < I can not therefore be employed. However, if we break 
up tlie integral in question into that from t == 0 to t = <i plus that from t=ei 
to < = < («i arbitrarily small but > 0) the last of the two integrals thus obtained 
will have the limit zero as k ^ ^ since for the values of t concerned wc have 
|2tv + <1 ' 2 — €t < 2; while the first of the same integrals may be made arbi- 
trarily small witli «i since by plaeitig 


tanh y cosh (2 -f i)y cosh (2 -f t)y 

cosh'-*// ^ cosh*y ’ 


(p{y) = tanh y 


and applying (99) we see that the integral 


X 


' y cosh (2 + t)y _ 

p + cosh^y -^y 


remains h*Ms in absolutt^ value than a constant independent of ei for all values of t 
such that — «i 2 , ^ 25. 9. 

Similarly, when « =® 1 the sixth term of (93) may be neglected in the limit 
as A *= 00 . 

Thus condition (I)f, of Theorem VI, § 55, becomes satisfied in which in the 
present instance we have 62 “ — ^ i = — 1 (o: = 1, a = 0, 6 = 1). 

Relations (11),. and (111)6 of § 55 as well as (n)^' are now readily seen to be 
satisfied (as in tlu> studies already carried out in connection with (93)) so that 
by virtue of the general theorems of §§ 51-55 we reach in summary the following 
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Theoeem. If fix) remains finite throughout the interml (0, 1) with the possible 
exception of a finite number of points and is such that the i idegral 

(102) f |/(a;)k^-P 

exists, then the series 

oo 

(103) Z (?» sin \nX 

wssl 

in which 

«. - 2 ’’ “ + - ’ ■ 

Xn being the nth positive root of the equation 

z cos z + p sin 2 = 0, 

will converge at any point x {0 < x < 1) in the arhUmriUj small neighborhood of 
which fix) has limited total fluctuation, and the sum will be 

i [fix -i))+ fix +())]. 

Moreover, the convergence will be uniform to the limit f{x) throughout any in- 
terval ia', V) enclosed toithin a second interval (rti, In) such that 0 < iii < a' < // 
< 6i < 1 provided that fix) is contimwus throughout (o', b') inrtusirc of the end 
points X = a', X = b' and has limited total fluctuation throughout (tt\, bi). 

Also, if fix) remains finite throughout the interml (0, 1) leilh the }>ossibte ex- 
ception of a finite number of pirints and is such that the integral (102) exists, then 
the series (103) will be summable (r = 1) at any point j* (0 < < 1) at which the 

limits fix — 0), fix + 0) exist and the sum will he 

il/(^-o)+/(x + o)i. 

Moreover, the summability will be uniform (§ 45) to the limit fix) throughout 
any interval ia', b') svsh that 0 < a' < b' < I provided that at all points within 
ia', h'), inclusive of the end points x — a', x => b', tfw fiinrtlon f{x) is eoutinuons. 

Tinder the same conditions for fix) when considered throughout the whole interml 
(0, 1), the series (103), when considered for the value z »= 1, will converge to the limit 
/(I — 0) provided fix) is of limited total fiuetuation in the neighborhood at the left 
of the point x = 1 and will be summable (r = 1) to the limit fil ~ 0) whenever this 
limit exists. 

65. It may be observed that in the excluded case for which p ■» — ■ I the 
methods which we have followed may be readily altered so as tc> yiekl corre- 
sponding results. In this case the integrand of (85) has a pole at the pckint 
2 = 0 so that this point should be excluded from tlie contour Sujiposing 
this to have been accomplished by means of a small semicircle extcjiding to tlm 
right of 2 = 0, we may then take as the resulting contour in part rectangular 
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and in part somiciroular. If the integrations be now carried out as before over 
tlxe respective portions of ()„, that arising from the semicircle will be equal to 
- |r where r represents the residue of the integrand of (85) corresponding to 
the pole 3 0. ltx<;ej)t for this auxiliary term, the reductions are the same as 

before, so that in apj)lying the general theorems of §§ 51-55 we encounter an 
application of the n'niark (d) in § 56. A similar instance will occur in connec- 
tion with tlu‘ developments in terms of Bessel functions, to which we now turn, 
and in that case wi^ shall elaborate the consequences at some length, though 
such studies will be omitted for the sake of brevity in connection with the present 
series (105). 


2 . The Developments in Terms of Bessel Functions. 


66. As a s(‘(mnd application of the general results obtained in §§ 51-55 we 
shall now consider certain developments in terms of the function P^z) defined 
by the eipiation 


Pk(z) = 


J,(z) 


where represents Ikts-sel’s function of order v. The developments in 

question an? i-losely relaltsl to the well known developments for an arbitrary 
function in terms cif Bessel futitdions and at once yield, as we shall show, results 
of eonsidcruble gcjicrality concerning the .summability and convergence of the 
latter. 

For the functioti /*,(3) as thus defined, we have, when v =|= negative integer. 


/V(2-r) 

( 164 ) 


Jjsx) I 

(s.r)- "2n’(v+ l) 


while the eipjation (5:{) becomes 


(3;r)^ (zx)* 

■ -1- 1) 24 . 2lTv+T)(7+ 2) 

( 33 :)® 

2® ■ 31(j/ -b l)(r + ^H-3) + ■ 




dx 


+ 3*3:®‘-+'P,(33:) = 0 


or, placing for brevity i\isx) » /^ 

ff^P dP 

(105) 3*^^, + (2r + 1) ^ = 0- 

Taking a ^ 0, b ^ I, the development (54) in terms of the functions P„(Xna:) 
becomes 

( 106 ) ZgnP.M, 
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where 

(107) 




Equations (60) become 


•£o 

Jo 


(108) 


a:*'+i^P„(X„a:) - h'PyQ^x) = 0 when 
z^'^^^Pyi'Kx) - hPyO^x) = 0 when 


x= 0, 

X = 1. 


Of these the first is seen to be satisfied identically for all values of z if we place 
li' = 0 and assume j' > — 1, while the second gives as the ecjuation u{z) =» 0 
(cf. § 64) of the present developments, 

«(3) = - hPyiz) = 0. 


We may therefore apply (64) and write 
r 2 H-in 2 / w _ 

Jo ^ i , (sx)dx. - I 


lj>»l 


or since 


we have 


^^z_dP 
dx z dz ’ 


a^p zd^p 
d^x ” X dz^ ’ 


(109) 




Hz x‘ J»-i 

by (105). 

Thus, if A = ± 00 so that u{z) becomes simply i*„(s), we have 

(110) J'x2*+'P,2(X„x)dx = I “ WiKY 

and, since we then have by (105), 


_ Py"(\n) _ 2 p +1 

u'iK) ~ Py'iK) “ X« 

it appears that if we wish to apply (77) in the study of the function <p{n, a, t) 
of the present developments we may take at once ^(z) = l/sf**^* and 6(z) such that 

(111) e'{z) = 2 z 2 -t-ip(«z) r (a + t)^ip{{a + t)z]dt; P - P,. 

Jo 
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On the other hand, if h bo finite so that m(z) = zF{z) - hP{z), we shall 
have by ( 1 09) 

(112) £ {h{2v + h) + V}, 

Now, we have by (105) 

«'(z) = z/>"(=) + (1 - h)V'{z) = - (2^ + h)F{.z) - zP{z), 
u"{z) - - (2>/ + /t)/’"(s) - sF{z) - P(z) = p'(.) 

Z 

,,,, -2P'(»)4-(2»-+A-1)P(2). 

Whence, 

w'(X„) = — {h(^lv + A) + X„^}, 

u"(X„) = [hClv + l)(2;. + h) + i2u - 1)X„*), 

so that 

« 2{A(2»- + A) + V} 

P’*'"/«(X„J-)dj: 

»/« 

«"(X„) ^ _ 2_A(2i/ + l)(2y + A) + (2r - 1)X„^ _ _ 2v + 1 2K^ 

it'iXn) X« A(2»' -f- A) + X»® Xn Af^v + A) + X„* ' 

Tims, in <»r(h‘r t«> satisfy the conditioJis relative to ^(z) in the present case 
we should take it so that 

^A'fs) _ 2*' + 1 , 2!f* 

^(s) “ z ■*" A(27+ A) 4- z^‘ 

I^!t US therefore take 

A(2a + A) + z® 

»^( 2 ) =* 

in which ease it ai)i>ears tluit we may take d{z) as before, viz., such that equation 
(111) is satisfied. 

Now we have from (105) 

I' ( 1 + i^'^WPioa) = 0 

oz az 

mill a similar equation obtained by replacing a by a + t. Hence, 

[(a + t)'-* - a*]j^-*‘/»(«z)/M(a + Os) 
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Placing for convenience a + ^ = jS and letting accents represent differentiation 
with respect to z, we may therefore write 

jT ^'^^P{az)P(fiz)dz = - P'(^z)P{az)] 

SO that both when h is finite and when infinite we may take 


(113) e(z) = r ^^- -[P'(o!z)P(fiz) - P'(fiz)P(az)]dt. 

Jo P ^ 


Upon noting the analytic properties of the functions Tj/(z) corresponding to 
the two above mentioned cases and of the function 0(z), it appears, upon applying 
(77) that the integral (36) of the present developments will be given by the ex- 


pression 

(114) 


1 r P'{az)Pm - P'mPiaz) 

«J„ n^) 


dz 


or 


(115) 


If 

mJo 


jQ2i'+l 


dt 


C h{2v h) ^ 
JcJzP'iz) - hP{z)f 


[P'{az)P(fiz) — P'{Pz)P(az)]dz 


according as u{z) = P(z) or u(z) = zP'{z) — hP(z). 

It is to be noted also that in the developments (106) we shall have by (110) 
and (112) 

q,. = p^Jjix)x^-^^PMdx 
or 

" [hi2v -h li) -h V]F(X„) fo 


according as the quantities Xi, X 2 , • * • are the roots of P{z) = 0 or 


zF{z) - hPiz) = 0. 


These results premised, let us now consider the rectangle in the 21 plane whose 
vertices are the points z = ij, z = k + ij, z — h — ij, z = — ij, j being any 
positive quantity arbitrarily large and k being any positive quantity lying be- 
tween Xn and where Xi, X 2 , • • • represent the successive positive roots of the 
equation P{z) = 0 or zP\z) — hP{z) = 0 according as we are dealing with (114) 
or (115). Prom the boundary of this rectangle let us exclude the point 2 ; = 0 
by means of a small semicircle of radius rj and let us now take the resulting 
contour in part rectangular and in part semicircular as the contour of integration 
On. 

Now, the function appearing in the integrand of either (114) or (115) is an 
odd function of z and hence the two portions of these integrals extended along 
the y axis mutually destroy each other, while in either case the portion extended 



along the semicircle may be made arbitrarily small with ri unless in (115) we 
have h = 0. In this exceptional case the integrand of (115) has a pole of the 
first order at the point z = 0 and hence, upon applying Cauchy’s integral the- 
orem, the value of the contribution to (115) arising from the semicircle in question 
becomes 

- {2v + 2) 

do 

In order to discuss the remaining portions of the integrals (114) and (115) 
W'e shall now make use of the following established result 

“ llepresenting by ./„(z) Bessel’s function of order v we shall have when 
V > ~ I and s has any vahie excicpt zero whose real part is positive or zero 


(llC)) 

w'here 

(117) 


■V27rz 


.S',(z) 


Vl.f + >1)X \ •■iia) 


V ~ 1/2 


ds, 


1 r* / s 


and when', when [si is sufiiciently large, these expressions Si and S 2 may be 
expanded into tlie forms 

r(^ + I + n) 1 


(IIK) 


Si{s) 


m '• I 

,S m + l)r(i 4- 1- n) (- 2'/z)'‘+ 


r(j^ + 1 + n) 

h r(« + 1 ) 1 X 1 - + § - 




in which m is any positivt* integer and in which the expressions 0i(z, v) and 
()a(3, p) become infinitesimals of order as high as the mth when |z| = =0 and, at 
least wlnm a > +• |. i>osscss first derivatives which as jz] = =0 become infinitesi- 
mals of order us high as the (m + l)st.” 

Placing — i ~ I' in (llfi) we obtain 


./Xs) 


'J2rz 


Whence, upon expanding and making use of (104), we have 




2a + 1 \ 

rv 


(119) 


+ i{Siiz) - Si 



z — 


2a +1 NT 


« Cf. H. Wkiiku, MtUh. Antudm, Vol. 37 (1890), pp. 404-416. The facts which we sM 
iitato reganlinK the derivativcwi of Ot(*, a) and 6t(i, a) axe not explicitly obtained by WnsaB, but 

follow at once froin lik ftimly«is. 
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SO that by (118) we may write when v > 5 and when the real part of z is positive 
(or zero) 


( 120 ) 


PM = U + ")} cos ^2 

+ J-(z, v) sin ^2 


2v+l \~\ 

-ITVl’ 


where the functions €(z, v) and v) become infinitesimals of at least the 
second and first orders respectively as \z\= oo and possess first derivatives which 
as {:s[= 00 become infinitesimals of at least the third and second orders respec- 
tively. 

Moreover, by use of the relation = (2v + 2)P^i{z) — z^Py^ 2 (^), we 
may readily show that (120) holds true for all values of v for which Pv(z) has a 
meaning — L e,, unless is a negative integer. 

Furthermore, since P'(z) = — zP^i(z) we see that unless is a negative 
integer we may write 


P.'iz) 

( 121 ) 



where 17(2, v) and d(z, v) have the properties mentioned above for €(2?, v) and 
f(2, v) respectively. 

Equations (120) and (121) having been obtained, we return now to the dis- 
cussion of (114) and (115) when the indicated integration is extended over 
the portions of Cn remaining after removing the semicircle of radius tj and the 
portions of the y axis. Placing for brevity 


2v+l [2 

we have by (120) and (121) for all values of z upon these portions of Cn, unless 
oj = 0 or jS = 0, 

(122) P{az) = (^)r+ci/2)[{l + eiaz)} cos (az - a) + ^(az) sin {az — a)], 


(123) P'(az) = + viaz) } sin (az - a) + ^(az) cos (az - a)], 

(124) Fifiz) = ^^y+ciii)[{l + e(^z)} cos (fiz- a) + ^(0z) sin 0z - a)], 

(125) P'(fiz) = + nipz) } sin (/3z - a) + Oi^z) cos (Sz - a)], 



xyxu V XA JCjOOJCLJU XUIMJ A IUINO 


XUX 


and, excluding the case in which a = 0, we observe that in applying Theorem I 
of § 51 to the integrals (114) and (115) in question the values of a, t and ^ — a 1 
with which we shall be concerned are such that 

0 < a' < a < 6' < 1, 

— q: = <S1 — a, 

{)<a' a <\ + h' <2, 

while in applying Theorems VI and VIII of § 55 for the case in which a = 1, 
we shall have — l^a + i8^2. 

However, when < = — a we have fi = a-\-t=0 so that expressions (114) 
and (115) cannot be used for all the values of /S with which we shall be concerned. 
Let us therefore exclude for the present the value t= — a from our investigations, 
treating it later as one of the exceptional values of the type mentioned in remark 
(1) of § 56. Thus, representing by ^ an arbitrarily small positive quantity, we 
proceed to study the integrals (114) and (115) for all values of a, t and satis- 
fying the relations 

0 < a' < a < 5' < 1, 

(126) - a+ - a, 

= = l-f6'<2, 

or 

a = 1, 

(127) -1 + ^^t^O, 

1 ^ a 4- j8 S 2. 

From (122), (123), (124) and (125) we find upon performing the indicated multi- 
plications that 

[P'(«^)P(/3^) - P'mPiaz)] = - [a) 

X [{«[! + €(/3z)][1 + r,{az)] - i30(|8z)r(az)} sin {az - a) cos (^z - a) 

- {^[1 + €{az)][l + vW] - a0(«z)r(j8z)} sin (|8z - a) cos (az - a) 

-h {a[l viciz)]tm - m + i703z)]r(az)} sin {az - a) sin 03z - a) 

-f {a[l -f- e{Pz)]e{az) - fi[l + e(az)]0(i3z) } cos (az - a) cos (fiz - a)] 

_ -2 /fl\v+(l/2) 

= oU-Tfoi K ( " ) M sin (az — a) cos (fiz — a) 

22H-1(^2 _ 0,2) 

B sin (|3z — a) cos (oz — a) C sin (az — a) sin (/Jz a) 

4- D cos (az — a) cos (fiz — a)] 
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_ i [(A - B) sin (a - ^)z +U + B) sin (a + i? - 2a)z 

- 2z2>+i((32_a2) V«y 

4- (C + -0) cos (a — )3)z {D — C) cos (a + ^ — 2a)z], 

where A, B, G and D are used for brevity to denote the respective coefficients 
given above of sin (az — a) cos (fiz a), etc. 

Now, we may write 

A-B= (c( + i8)[l + Pi(2)]» A + B = (a- /3)[1 + P 2 (z)], 

C+D= (a- ^)p3(z), C- D= (a- ^)piiz). 

where, recalling the properties of the functions €{az), e(0z), etc., we see that for 
all values of a, t and (3 in (126) and (127) and for all values of z now under con- 
sideration the functions pi(z), p^iz), pziz) and Piiz) are finite and vanish uni- 
formly like l/z^, IM 1/z and 1/z respectively as jz] = «>. We note also that 
these functions may if desired be put in the forms 


Pl(z) — 2 J 


r \ ^0 I 

Piiz) = - + -2, 


/ N fo , 9o 

Mz) = -+^ 


in which do and /o depend only upon a and |3 and are finite for all values of <x 
and jS in (126) and (127) while bo, co, eo and go depend also upon z but for all 
values of a and (3 under consideration and for all values of z under consideration 
and such that [z] > Q = constant, are less in absolute value than certain con- 
stants independent of a, |3 and z. For the same values of z we have also 


Piz) = ;;+^) [1 + €(z)][cos (z - a) -t- w(z) sin (z - a)] 
zP'iz) - hPiz) = 1^1 -f riiz) + ^ f(z) j [sin (z - a) + w(z) cos (z - a)]. 


where 


«(z) = 


l + e(z)' 


co(z) = 


0(z)+-[l + e(z)] 
z 

l + ’7(2)+Jf(z) 


Whence, upon recalling that a — ^ — t, we see that whether we are dealing 

with (114) or (115), the portions of the integral arising from the part Cn of Cn 
now under discussion will be of the form 


mr-fj 


+ O'! ( 2 ) sin iz 


i- di f sin [(a /3)z - 2a] , 

27rej„ [a/ a + /3Jo^, 



( 128 ) 


+ 

+■ 


f * { §.. (' q^iz) sin [(a + 18)2 — 2o] , 

2jr/J„ \a) a + /3X., 

I r r q,{z)coBtz. 

2m X \a) a + ^Xv 

1 r //I Y '' C <?4(z) cos [(a + i 3 )z - 2a] 

2W.;.. V«/ a'+/8.Av B “ ■ ■ 


wIktc tlu‘ funotitm.s 7,(3). 72(3), 73(3) and 7^(2) (like the functions ^1(2), f^{z), 

etc.) may he put into the forms hij^, ci/s''*, dijz + ^i/z* and fi/z + 71/z® respec- 

tivtdy and \vlu*re 

K cos (3 “ «) + ()>{z) sin (3 — a), 

/'.' -■ sin (3 ~ o) + o>{z) cos (s — a), 

aceordiiijj: n.s we are dealing with (114) or (llf>). 

Consiclering first tlie portion of consisting of one of the lines parallel to 
the .r axis, we readily obtain as in § tt 1 the fact that for all values of a, |8 and t 
in (12(1) eneln «»f the integrals in (128) when extended over the line in question 
appnau'hes Jinifornily the limit zero ns j « 00. Thus we have merely to con- 
sider (128) in whi<4i s « k + in ami is understood to extend from y — — <x> 
to y ~ "f* <■« along tin* line 3 =!»/,• 4. iy. 

Nine, from the manner in which k is to he chosen, w'c .see from (129) that we 
may tak<* k nr f n ctr k ’ «7r/2 4' «: (« ” lumtim rnieger) according as we 
are <leaHng with (111) or ( 1 1.')). In either cas(>, ecpuitions (129) are such that 


I 


/.y 


1 4- 1 tanh ;/ 4- 

z 


5 

3 ’ 

A# 


wlirrr 7 h iiulrjiritilriit cif z while B depeiuln upon z but haa a modulus which for 
idl viiIuoH of 2 unilor cMUwidt^riition Lh loss than a certain quantity M. 

Thiw, Cl2H) niiiy he written in the form 





sin tz 


cosh* y 


(ly 




i'C) +?-+5) 


fcjNain [(« 4- i8)z - 2a] 


cosh* y 


dy 


( ” + 5 ) cos [(a + ^)z - 2a] | , 


+ 


where b% has the |>ro|M*rtiei nienticined above of h. 


Considering first the terms of (130) which have z- in their denominator, we 
have but to refer to the discussion of similar terms in (<S9) in order to see that 
for all values of a, j3 and t in (126) these terms have uniformly the limit zero when 
lb = 00 . The same is true also of the term 


^Y^Y+O/2) p CtJHfe 

Jo UJ a + ^J-«2crf?/ 


since we have cos fe = cos th cosh ty — i sin tk sinh ty and we know that when 
|<| < 1 (as is the case in (126)) the integrals 



cosh ty 
cosh* y 


(ly. 


have a meaning. 

Thus, (130) reduces to 



/,„i 

eoslr y " 


<«> 

1 


, sin ((of +■ [i)~ ~ -«! 


+ 


2irJo \q!/ aH-isJ... 


'"eos 1(« + /3)3 - 2«1 
s fosh* y 


eosli* y 

(ly 4- A(«. /, k). 


(ly 


where ei depends only upon a, ^ and t and is finite for all values of th<*s(‘ <jiian- 
tities in (126) and where Aia, t, k) and also (/A(«, t, k)l(U depends upon «, jSl, 
t and z but when considered for all values of a, f) and t in (12(i) may he made 
(uniformly) as small as we please in absolute value by taking k suflieitmtly large*. 

Upon placing z = k-j- iy and recalling the values whieli k may assume; 
also placing for convenience a-\- fi = 2 — t and dropping those integrals \vhi<'h 
vanish identically since they are relative to odd functions of y, we tlius obtain 
(131) in the form 


1 TY ^ sin Id r* cosh ty 
27rJo \a/ t J_„cosh*j/ ^ 


( 132 ) 


y% 

27r 


+ 


yt 

2 t 


- TY ^ V'''‘‘^’sin kt r^y taidi y cosh ty 
'Jo \cij t J_„ (^ 4- /) cosh* y 


t f (i) 

r (-) 


■Ciw pm 

COS ktdt I 

’'+'‘'*>8in ib- 


(F4*?/)f cosh*|/ 


(ly 


yi 

2 'k 


a + /3 

’'■'■''^sin hr 
a 4- 13 


(It 


r* cosh 

J_» c 

£ 


(a 4" m 

cosh* y 


(ly 


y tanh y <*osIi (« 4- ff).V 


p 4_ 


{?osh* y 


dy 
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V4-C1/2) 


v+Cl/2) 


r ( 


v+a/2) 

a) 


j r°° ^ tanh y sink (a + / 3 )?/ 

“ + /3 J_oo + 2 /^ cosh^ y 


, cos hr , 
Cl dr 

a + i8 


, sin /cr , 



A; cosh ( a + / 3 )j/ 
(A:^ + 2 /^) cosh^ y 

y sin h (g + 18 ) 2 / 
(/c^ + 2 /^) cosh^ y 


dy 


dy + A(a, <, A:), 


the upper or lower sign being taken according as we are dealing with (114) or (115). 

Ihe expression (1.52) may, moreover, be used to determine the value of the 
integrals (114) and (115) corresponding to the case a = 1 . In fact, when a = 1 
and ^ and t arts (;onfine(l by (127) we readily see that each term of (132) con- 
tinues to have a meaning. 

From the properties already found of the integrals in ( 93 ) it now appears that 
the. second, third, fifth, sixth, seventh and eighth integrals of (132) when con- 
sidered for all valiK's of a, /3 and t in ( 120 ) or (127) have uniformly the limit 
zero as A; = 00 , whih^ if we treat the first integral as we treated the first integral 
of (9.'$), remembering here that lim (/ 3 /a)’'+«/ 2 ) = find that when A: = 00 this 

, <l»0 

int(^gral behaves precisely as the indicated integral of ( 93 ) — i. e., approaches the 
limit ^ or — I according as < > 0 or f < — 0 . 

Similarly, the integral 


1 T' / 18 sin At , T" cosh (a -f ^)y 

2 TX,.-aAaJ a + ““cosh^ r 

like the fourth integral of (93), has uniformly the limit zero if a' < a < 6 ' while 
if (V I it has the limit 

Wlu'nee, if we are dealing with values of a, and f satisfying (126), the ex- 
pression ( 1 32) converges uniformly to the limit | or — ^ when k = 00 according 
as f > 0 or 2 < — 0, while if a = 1 and /3 and t have values consistent with 
(127) the .same expression has the limit 0 or 1 according as we are dealing with 
(114) or (115). 

Thus, exception being made of the case A = 0 in the integral (115), the inte- 
grals (114) ami (115) satisfy relation (I) of Theorem I, § 51 provided, however, 
that t has only those values for which — a-l-? = f= l — a; ^>0. More- 
over, when a = 1 , relation (1)6 of Theorem VI, § 55 is satisfied for the same 
values of t and in this relation we have in the present instance (72 = 0 or (?2 = 1 
according as we are dealing with (114) or (115). 

Again, if A = 0 in (115) the limit approached by this expression as A: = 00 
(a' < a < b') will be l-f or - ^ {o?'^ - according as 

< > 0 or f < 0 , it being understood as before that — — a. 

Likewise, if a = 1, other conditions remaining the same, the limit approached 
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by (115) as = 00 will be — 1 + — ^32^+2)^ the cases which thus 

arise when A = 0 we evidently meet with an application of the third general 
remark of § 56 and we shall make this application presently. 

Turning to the other relations of Theorems I and VI of §§51 and 55, we see 
that in the present developments the function (pijiy a, t) is equal to 

1 r P'(a2)P(/3^) - P'(/32)P(a.^) 

(133) 2-KW-a^Ja^, P(z) 

in the case of (114) while for (115) the same function reduces to 


(134) 
or 

(135) 


i_ c 

- a^Jo, 


A(2H-Ji) + !? 
5 P'(z) - AP(z)f 


[P'iaz)P(fiz) - P'mP(oiz)]dz 


- {2v + 2) ^2Hhl + 


Jl 

2t^ 


|2>'+l ^ 

- 


P'(az)P(l3z) - P(/3z)P'(az) 

P'W 


according as ^ 4= 0 or = 0. 

Now, for values of a, Z? and t in (12G) we may transform (133), (134) and 
(135) by use of expressions (122), (123), (124) and (125) and thus we find that, 
exception being made of the term — i2v + 2)jS^‘^^ in (135), tliese expressions 
all reduce to the sum of the derivatives with respect to t of the expression (132). 
From this it follows directly upon using the lemmas of the Appendix tliat the 
above expressions satisfy relations 11 and III of Theorem I, § 51 ; also tliat 
when a = 1 conditions (II)^ and (III)6 of Theorem VI of § 55 are satisfied, 
it being understood throughout as before that we are dealing only with values 
of t such that — a + ^ ^ t S I — a; ^ > 0. 

Moreover, if we affect each of the terms of (132) by the op(!rati(m 


1 « 


understanding that absolute values are taken under the various integral signs, 
it appears as in the study of (93) that when — a + ? SS i 1 — « (I > 0) 
relation (II)' of § 52 is satisfied, as also (11)6' (6=1) of § 55. 

It remains, then, merely to consider the integrals (114) and (115) when t 
takes values such that — — a+5 ({>0) and for this it becomes 
necessary, as already noted, to use some other expressions for Pi^z) and P'ifiz) 
than (124) and (125), since /S now takes values indefinitely near to zero. 

Considering, then, that t = — a is one of the exceptional points of the type 
mentioned in remark (1) of § 56 it will now suffice for the application of Theorems 
I, II, VT and VIII of §§ 51-55 that such additional conditions be placed upon/(a:) 
that when either of the expressions (133), (134) or (135) is multiplied by /(a 4- 0 
the absolute value of the product, when considered for values of t such that 
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XOi 


— a ^ t ^ — a+ ^ and for all values of n, may be made uniformly small with 
this being true when a' < a < b' and when a = 1. 

Let us now divide Cn into two portions Cn" and Cn" the first of these com- 
prising that portion of the line z — k + iy for which | y | < y, where y is an 
arbitrarily small positive quantity and the second comprising all other portions 
of On'. 

As regards the expressions (133), (134) and (135) when the integration is 
performed over C„", we have but to make use of the well known formula 


IMz) 


1 

r-n, , ,7 sin^” cos (z cos ^)d^o; 

J" ■V7rr(j' 4- 1) Jo 


V > 


I 


to sec that when |/3|< ^ the same expressions (C„' now replaced by Cn") are 
each of the form i8“''+'6’(a, )3, n, y) where (J{a, |3, n, y) is less in absolute 
value than a constant independent of a, ^ and n. 

In order to study the same expressions when the integration is performed over 
On" we first make the following observations: 
liOt us write (120) in the form 


(130) 


= 4i 


cos 


( 2,. + 1 \ 
V'’ 4 ’"j 


4 

-v-tCI/'i) 


/l(s, v), 


so that 


J(s, v) { 1 •+■ «(z, »<)} ■+- t{z, v) tan (z " ^ ^ ’t)- 


For all values of a (real part > 0) lying upon Cn" and of modulus greater 
than some fixed value 2o > 0 we see that A{z, v) remains less in absolute value 
than a constant Mi. Moreover, if (y + neg. integer) has any value except 
one of the form .i(l =1= 4«,); n = 0, 1, 2, 3, ■ • the same expression when con- 
sidered for values of z (real or complex) as near to zero as we please remains 
less in absolute value than a constant M 2 provided v g |. In fact, it appears 
from (13(i) that as s = 0, A(z, y) will tend to zero like since from (104) we 

have 

Whence, if u has any value S — | except one of the form |(4n -f 1); n = 0, 
1, 2, • • •, we may write for all values of z upon C„"' 

( 2v+l \ 

CDsI Z ^TT I 

P„(2) = *')» 

where B(z, v) remains less in absolute value than a constant (independent of z). 



Similarly, if v has any value > — | except one of the form 1 ( 4 h, 
1,2, • • • , we may write for all values of 2 upon ( 7 ,/" 


1) ; n = 0, 


PM 


. f 2 i>+\ \ 

Bin\^z 


2 


-I (1/2) 


IM v) 


where B(z, v) has the properties just mentioned. 

It follows that for all values of 2 (real part > 0) upon C,"' ami for all value.s 
however small of the positive quantity (3 we 'may writts {irovided p * ~ 



COB 


(137) 

p.m = 


or 


, / 



SIU 1 

j 32 - TT j 

(^2)>'t-(l/2) B{(iz, p). 

(138) 

i\m - 


where for the indicated valiuss of 2 and (i the (‘xpressien a) remains less 
in absolute value than a constant indepi'mlent of both [i and z and where the 
first form can be used in all cases except when v = -j- 1); « ~ 0, !, 2, • ■ 

while the second form can be u.sed in all cases except when p - .1(4 « — 1); 

m = 0, 1, 2, • • - . 

By means of the relation 


we now obtain, as formula! eorresjamditifi: to (l.'!7) and (IMS), 


( 139 ) 




p.'m 


sinl/f2— ^ -jtI 




-(1/2)»<'I (1/2) 


/fOs. /'). 


mm, p), 


where B(/ 3 z, p) has the properties given in connection with (I .' 57 ) and (I.'IS) and 
where the first or else the second formula (and in gencnd both) can be nsed for 
any given value of v S 

Now, if we use in (IM.')), (IMl) and ( 13 . 5 ) the forms ( 137 ), (IMS) ami ( 131 )) 
(thus ( 5 onfining ourselves to an integration over CV") we find ns before tliat 
by taking J = co the complex integrals become simjily tiiose arising when, in- 
stead of Cn , we take as path of integration the line 2=1'-)- iy, it la'ing under- 
stood that the integration now consists of that from j/ ^ m to .v » 17 
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together with that from y = r, toy = oo . This statement, as in the former case, 
is seen to be true either when a' < a < b' ov a = 1. The resulting complex 
integrals thus take a form analogous to (132) involving real integrals of the form 

( I. + i ) ( X.’ + X" ) 

/3''’"(X.' + X")*”‘^''**'' 

where tlu^ expressions ipiiy), tp^iy) and ^ 3 ( 1 /) are functions of h, a, 13 and y in 
each of which tlu^ nuuuTator contains, besides factors whose modulus is always 
less than a constant, terms in each of whicli appears one of the factors sinh ay, 
cosh ay whil(> the denominator contains cosh^ y. Thus the integrals in question 
(aside from tht^ fa(!tor appearing on the outside) are always less in absolute 

value than a (-onstant independent of a, ^ and k, it being understood throughout 
that a' < a < 1/ or « = 1 and i)3l < 

Thus the expressions (104), (lOf)) and (lOG) when considered for values of j 8 
such that \(3\< ^ are of the form //(a, j 8 , n) where Ilia, /3, n) is less in 

absolute value than a constant independent of a, j 8 and n. 

It follows tlu'ri'fore (considering the forms which we have now obtained for 
the expressions (133), (134) and (135) when the indicated integration is performed 
either ovt'r f'„" or (U'") that we shall he able to apply Theorems I, II, VI and 
VIII of §§51-55 to the present developments if we demand (in addition to 
tht' condit ions plactsl upon/(^) iri the same theorems) that the function/(/ 3 )/ 3 '''*''''*^ 
be int<‘gral)lt‘ in tlu' IK^igllil)o^hood at the right of the point j3 = 0, it being under- 
stood also that j' > — |. In other words, we need merely make the additional 
<lemand that j**” "‘'’"'/(j*) be intt'grable in the neighborhood at the right of the 
point j" = 0 . 

Upon ap{>lying Theorems I, II, VI and VII of §§ 51-55 and remarks (1) 
an<l (3) of § 5(1 we tints arrive in summary at the following result: 

" If f(x) rtmtiiins finite throughout the interval ( 0 , 1 ) with the possible ex- 
ception of a finite number of {xtints and is such that the integrals 

(140) f j</j, f |/(j’)|rfj', ( arbitrarily small and fositiw, 

Jo J« 

exist aiul if /’„(s) be the function definetl for all values of z and for v > — 1 by 
the etiuation (UM), them each of the three aeries: 


m 


Zqnl\M, 


( 2 »'-f- 2 ) f j^''^^f(.x)dx+J^qnPy(K'x), 

tig 


IW 


DXJM]VLA.BIJUiTX UJe 




00 


j:qn"P.O^n''x), 


in which X„, K' and X„" represent respectively the nth positive roots of the 
equations 

P^(z) = 0, p/(z) = 0, zP/(2) - /tP.(2) = 1); h = comtant + « 


and in which 


r ^‘' >'f(x)PAXn''xHr 

„ V *yo 


,, _2V^ 

^ {^(2^ H" A) + Xn" }Pi<(X»^^)' 

will converge provided f' S — f at any point x (0 < ;r < 1) in the arbitrarily 
small neighborhood of which f('x) has limited total fluctuation, and the sum 
will be 


Moreover, the convergence will be uniform to the. limit f(x) throughout any 
interval (a', V) enclosed within a second interval (oi, /n) such that 1) < tti < a' 
< P < 6i < 1 provided fix) is eontinuous throughout («', //) inclusive of the 
end points x = a', x = h' and has limited total lluetuation throughout (hi, bi). 

Also, if /(a:) remains finite throughout the interval (0, 1) with the possible 
exception of a finite number of points and is such that the intr'grals (Mb) exist, 
then each of the three series above (p S- — | )will be summable (r » 1) at any 
point a: (0 < a: < 1) at which the limits f{x — 0), f{x -f- 0) exist and tlie sum 
will be 

i[/(^ -«)+/(* + 0)1. 


Moreover, the summability will be uniform to the limit fix) throughout any 
interval (a', P) such that 0 < a' < 6' < I provided that at all points withiri 
(a', P) inclusive of the end points x = a', x «= b' the funetioti/Ca*) is continuous. 

Under the same conditions for /(*) when considc'red throughout the whole 
interval (0, 1) the three series {v ^ — |), when con.sidered for the value a* = 1, 
will converge to the respective limits 0, /(I — 0) and /(I — 0) provided that 
fix) is of limited total fluctuation in the neighborhood at the left of the {Hunt 
a: = 1. 

The same series when considered for the value * »■ 1 will be suminabk; to the 
respective limits 0, /(I - 0) and /(I - 0) whenever /(I -- 0) exists." 

67. If we now introduce Bessel functions into this result through the relation 


PM = sMM iirul then apply the theorem to the function x-''f{x) instead of 

f(x) we obtain the folknving: 

'riiKouiCM. If J{.r) rcmaiiiJt finite throughout the interval (0, 1) with the possible 
exception, of n finite number of points anti is such that the integrals 

r*I 

(htl) .r*|/(x) lf/.r, j |/(j')|(/.r; 6 = arbitrarily small positive constant 

exist anil if JM be Hessrl's function of the first kind of order v then each of the 
three series 

{2, + 2) r + trMX/wX 


n 4 

in which Xm Xf/ and Xn* rtprcmnd rmpectiwly the nth pontive roots of the equations 

*K{z) 0, 

^ sj.//(s) -- pj^iz) = 0, 

zJd(z) — (h \ - 0, A = constant + 0, 


mul in which 


2 

t \<s j <Kf(^)dt!>(Xj^x)dii‘f 

^ \Anf fc/ij 
2 

j ,/ti 




2X„"' 

\hV2e + h) + X/'’}./,(X„T 


jf xf{x)JMn"x)dx 


tmli cimwrgc pmmlcd p > — | nl any jmini (0 < ar < 1) in the arbitrarily small 
ficigbliorlKmd af which f(>r) has iimiicd total jlucttmimn^ and the sum will be 


|l/(x--0)+/(^ + 0)l. 

Morcitrcfi the cunrrfycnrc will he uniform to the limit f('x) throughout any internal 
(a% If) tmclmrd itiihin m scmml miff ml (rii, h\) suchthaH) < ai < a' < 5' < 6i < 1 
jifocided fix} 1 m coni in mom throughout ia\ If) ifudusim of the end points x = a', 
X If fiiiil lam limiird Mai fluctuation throughout (au hi), 

Alsia if fix} rrmtiim finite throughout the intsrwd (0, 1) udth the possible ex- 
ec }$t ion uf #1 finite iifii/ilier i#/ /nil ill# atid is such that ike integraU (141) eodst, then 
n 
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each of the three series above (v > - i) will be summable (r = 1) at any povnt x 
{0< X < 1) at which the limits fix — 0),/(a: + 0) exist and the sum will be 

Ufix-0)+fix + 0)]. 

Moreover, the summability will be uniform (§ 45) to the hmit fix) througlwvt 
any interval ia', V) such that 0 < a' < b' < 1 provided that at all points within 
ia', b') inclusive of the end points x = a', x = b' the function fix) is continuous. 

Under the same conditions for fix) when considered throughout the whole interval 
(0, 1), the three series, when considered for the value x — 1 will converge to the 
respedive limits 0, /(I - 0) and /(I - 0) provided that fix) is of limited total 
fluctuation in the neighborhood at the left of the point x = 1. 

The same series when considered for the value a: = 1 will be summable ir = 1) 
to the respective limits 0, /(I — 0) and /(I 0) whenever /(I 0) exists, it being 

always assumed that the integrals (141) exist.^ 

3 . The Developments in Terms of Legendre Functions. 

68. We proceed to consider the well known development 

(142) m-tiMxy, 

n-a ^ •>'—1 

in which Xn(x) represents the polynomial of Legendre (Zonal Harmonic) of order 
n. In the notation of § 60 we here have a development of the form (54) in which 
x) = Xz{x), a = — L 6 = 1 and in which equation (53) becomes 

Moreover^ since z is to take only integral values, the equation = 0 must 

22 It may be noted that our results, in so far as they concern convergence at a special point 
ic (0 < cc < 1), are not in entire accord with those of Dini (“Serie di Fourier/' pp. 266-269). 
In fact, instead of the existence of the first of the integrals (141) Dini requires that \f{x) 
where p is the greater of the two numbers Vj f , shall be integrable in the neighborhood at the right 
of the point a; = 0. This discrepancy is due chiefly to a slight error occurring in formula (96), 
p. 237 of Dini's work, the last term of which should contain under the integral sign 
instead of as appears from the analysis on p. 237. If this formula (95) be altered 

as just indicated and resulting changes be made on pp. 242, 243, 265-269, we are led to the above 
theorem. This same theorem, so far as it concerns convergence, is in accord with the results 
published in recent years by Hobson {Proc. London Math. Soc., Vol. 7 (1908), pp. 359-388), 
while, as regards summability, the theorem is in accord with the results of C. N, Mooeb {Trans. 
Am. Math. Soc., Vol. 10 (1909), p. 428). 

It may also be remarked at this point that, except in the study of uniform convergence, 
the results published of late years by Hobson and* others respecting the convergence of Fourier 
series and other developments m terms of special normal functions were originally obtained 
rigorously for the first time by Dini — a fact apparently not well understood. See, however^ 
Nielson, ^^Handbuch der Theorie der Cylinderfunktionen," p. 353. 



here be regarded aa given in advance and may be taken for example as 

tt(s) = sin TTZ = 0. 

Furtliertnere, we have in the present instance K(x) = l ~ xUo that equations 
((iO) become satisfit'd identi(!ally by taking h' = 0, A = 0. However, since 
A(i 1) ■ () it lollows that the general formuhe of § 61 for the determination 
of the integral (:j(>) (■om'sponding to tlie present development cannot be used. 
It beeonu's neee.ssary, tluTi'fore, in order to ascertain whether this integral satis- 
fies the conditions of tlie fundamental Theorem I, §51, to proceed independently 
of Hueh foriuulio* 

Now, tlie integral (/iCi) lun’o heeomes 
(14*^) f f ^ 1 + l)A'‘«(a) f XnCa + t)dt, 

*A> no Jo 

iiiul hence alno 

(M-l) .p(n, a, t) = I i: (2a -f 1 )A'„(a) -f t). 

n «i 

We proeei'd to show that the three relations of the general Theorem I of § 51 
an- satisfied in the pri'sent instance, it being understood that we here have 
a ~ — I, b ^ 1 . 

The values of « and i with wiiieh wi* are concerned are such that 


- I < «' ' « -i 1 / < 1. 
” 1 - ; a + t !• 


W<^ may tluTcfon* placi* « cos 0\ a 4- I = cos 0 in which case we have, as is 
well known, 


(145) 


.V„(cos (9).V„(cos O') = .>' I Xn(o.oHy)d<p, 


wluTC c<»8 7 == COS 0 COS 0' 4- «ii> 0 .sin 0' cos (ip — tp'), it being understood that 
(0, ip) and (O', ip') thus represent the polar spherical coordinates of two points 
i\f, M' on the unit sphere, while y reiiresents the spherical distance between the 
same* points. 

Thus wt! may write 


s« 


I n A# 

I tpirif €¥, t)di ^ I ' 2^ (2?i + 1) I sin Odd I Xn(co3 y)d<p 

J If w jkO J J 0 


or, sineo 

(146) 


(2« 4' l)A'„(cos 7) " - .y ' 

** t'f, fitr examplii, Tooiicntkb's “Twat'we on lAplace’a B’unctions, Lamp’s Functions, etc.” 
(t4mai>n, 1H75), 1 170. 


1 I . dXn+i 
dy dy 


}. 



we have 

(147) f ^(n, O', t)dt 



sin ddd 



dXn 

dy 


dX, 


n+l 


dy 


d<p 

sin y ' 


Whence, if we denote by da the element of spherical surface and observe that 
dd is negative when t is positive (i. e., when 9 < 6'), while dd is positive when t is 
negative, we may write 


X ‘ , , , 1 r r I a-An , a^v„+i 

<p{n, = ^4^ J J I 


\dXn,d^Xn^] . 
I dy dy J si 


da 

sin y ’ 


in which the upper or lower sign is to be taken according as i is positive or nega- 
tive and where it is understood that the integration is extended over the zone 
lying between the parallels 9 — 6' and 9=6. 

Let us now choose a new coordinate system ( 7 , such that the fixed i)oint 
M' = {9', <p') becomes the point 7 = 0, while the great circle through M' tangent 
to the circle 9=9' determines the points for which \p = 0 . Tluui da = sin ydyd^l/ 
so that if we represent by 7 i( 0 ') the value of 7 pertaining to the point upon 
the circle 9=9' having the (variable) coordinate \p and agree to place for con- 
venience yn(cos 7 ) = X,i(cos 7 ) -|- A’'„+i(cos 7 ), we may i>ut the eejuation (148) 
into the form 


(p(n,a,t)dt= [yn(cos7)]Y‘iW± /„( 0 ,=*^ 

in which g = 0, h = ir ox g = r, h = 2iv according as a S 0 or a < 0 {9' 7 r /2 

or 9' > 7r/2) and in which I nit) is <lefined in one of two ways as follows: 

(a) li9<9' ox 9^ IT - 6', 

(149) Ut) = ’^"Vn(cos 7)]nW^-A, 

in which c and tt — c represent the two values of ^ determined by the planes of 
the two great circles through the point 7 = 0 tangent to the circle 9=9 and in 
which 72 ( 0 ) and yzi6) represent the two values of 7 pertaining to the points upon 
the circle 9=6 having the common coordinate 4^. 
ih) li 6' < 9 <T- 6', 

(150) Ut) = ^J^ y„(co8 73(0))#, 

in which 73 ( 0 ) represents the value of 7 pertaining to the point upon the circle 
9=9 having the coordinate 
Upon writing 

[y„(COS 7)]?li? + [yn(COS 7)];.,o - [yn(COS 7)]y=Ylt»') 

“We here employ the common notation [/(a:)]!fc_a =■ /(6) — /(a). 



and observing that r„(cos 0) = 2, y„(cos tt) = 0, we thus obtain 

(151) Jl* <p{n, a, t)dt = d= | T ^ F„(cos ± /«(<)• 

In order to show that relation (I) of § 51 is satisfied it therefore suffices to 
show that for all values of a and t such that 

r — 1 < a' S a s 6' < 1 

(152) ^ 

or eS<^l-a (€> 0) 

the last two terms of (151) converge (n = oo) uniformly to zero. In doing this 
we shall make use of tlio following two fundamental results respecting F„(cos y) : 

(A) For values of y in any interval such that 0<?S7^7 r— ^<ir the 
expression F,i(fos 7) converges (n = =») uniformly to zero. 

(li) For all values of n we have uniformly lim F„(cos 7) = 0 — i. e., corre- 

■yrsTT— 0 

sponding to an arbitrarily small positive quantity cr, one may determine a second 
positive (piantity mdependent of n and such that | Fn(cos 7) | < cr when 

TT — f ^ 7 = TT. 

The proof of (.d) follows directly from the well-known fact“ that Xi(cos 7) 
satisfies tlu^ indicated relation, while the proof of (JS) may be supplied as follows: 
From the formula'^® 


A'„(.r) = •- ( [r 4- V.r* — 1 cos <p]’'d(p; — 1 

T Jo 

we huv(^ 

I p” 

F»(-r) = ” I [ I 4- -r 4 - ■“ 1 cos <p][x 4- — 1 cos (pYd<p. 

tt 

Whence, 

1 Fttfa-) j * ; ^ ( 1 1 -f a" 4" Va:* — I cos (p\d(p ^ 1 1 -1- a: ] 4- Vl — a:^ 

HO that f<»r all vnhu's of n we have uniformly 

lim F„(a-) = 0 or lim F„(cos 7) = 0. 

Y« 7 r --0 

Uesults (. !) and {ID being premised, we now turn to the second term appearing 
on the right in (151) (which term, except for the sign =F, is independent of t, 
hut depemds upon a). lad us first confine ourselves to values of a which are 
positive (0 < tv < //). For such a value of a the term in question has the form 

=F }- f F„(co 8 7 i)d^; 7 i = 71(^0 • 

4r Jo 

for example, Fra^n, AfatA. Annden. 'Vol 67 (1909), p. 103. 

»> Cf. ftir imampU’, IJvkui.v’h “ Fourier Serita, etc.,” p. 166. 
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Omitting the factor T l/47r, let us write this in the form 

n ^ir/2-n rirft+n 

y„(cos7i)#+ F„(cosyi)#+ FnCcosTi)# 

Jo Jtj 

+ I F»(cos7i)#+ I yn(cos7i)#, 

Jir/ 24 .>j 


where ij is an arbitrarily chosen, small, positive quantity. 

Since | y„(cos 71) 1 ^ 2 whatever the values of n and 71, the first, third and 
last terms here appearing may be made arbitrarily small in absolute vahie with a 
proper choice of 17, this being true not only for special valiums of n and a, but tini- 
formly for all values of a such as we are considering and for all values of n. After 
n has once been chosen, the values of 71 which enter into the second and fourth 
terms under the sign of integration are seen (upon reference to the unit sphen') 
to always be such that 0 < r/i ^ 71 = ^ ^ where 171 depends only 

upon 17. From result {A) it follows that the same terms ai)proaeh uniformly 
(0 < a < b') the limit zero as n = 00 . 

Thus the second term of (151) comes to have the ])roperties desired. 

We proceed to examine the properties of the last term in (151)— e., of the 
expression /«(<). Since t is confined by relations (152), the angle d nevaw ai)proaches 
(as t varies) nearer to $' (regarded as fixed with a) than some ])ositive quantity k 
which, if taken small enough, will be independent of both a and t. With k thus 
ehosen, it now suffices to show that for all circles 6 such that cither 0 < 0 < <?' — k 
ox 6 ' + K< 6 < IT the expression Init) converges (n = <x>) uniformly to zero. 
In showing this we shall find it convenient to divide these circles into three 
classes as follows: 

(a) 0 < 6 < 0 '- K, 

(b) e' + K < e < TT - 9 ', 


(0) TT — 0 ' < 0 < IT. 

Also, we shall assume for the present (as above) that 9 ' < irl'Z {a > 0). 

First, for the circles (a) we have /„(<) defined by (149) in which 7x(0) and 
73(0) are such that k ^ 72 S t/2, k S 7$ S 2S' — k < it, while c lies between 
fixed hmits dependent only upon e (as again appears after noting the significance 
of the various letters upon the unit sphere). Whence, by result (A) we reach the 
desired result for the circles (a). 

As regards the circles (b), let us divide these into two sulvclasses as follows: 
(by t-9'-v<9<w-9', 

(b)" 0' + K < 0 < IT — 9' — 17, 
where 17 represents an arbitrarily small positive quantity. 
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For the circles (6)' wc have hit) defined by (150), which may be written in 
the form 

4 _ I Fr,(oos Y3)# + j- F„(cOS73)#, 

where w rt'pn'seiits an arbitrarily small positive quantity. Now, by choosing -q 
and 03 each snflieiently small, all the values of 73 entering into the first term of 
(154) may ho brought as near as we please to tt, so that in view of result (5), 
we conehide that the first term of (154) may be made arbitrarily small in absolute 
value by taking q and w sufiieicntly small and that this is true uniformly for all 
values of n. With q and w one<^ fixed, we now observe that the values of 73 
entering into tlu' second term of (154), when considered for the circles (&)', never 
approach nearer to w than a fixed value independent of 6, while the same values 
of 73 remain dilVereut by as mmdi as k from 0. Hence, for reasons already stated 
in connection with tlu' eireles (cc), the second term of (154), when considered for 
the circles (/>)' approaclies uniformly the limit 0. 

With q fixed as above, let us now consider the circles (i»)". Here again we 
have the: form (15(1) fur /„(/), but the values of 73 never approach nearer to t 
than a ec'rtuin positive value independent of 6, nor nearer to zero than k, so 
that as hc'fore we sec* that uniform convergence is present. In summary, the 
ex{)r(*s.sion l„{t) has the* dt‘sir<*d properties for all the circles (6). 

We turn lastly tt> the clreles (c*). Ix't us divide these into two sub-classes as 
follows: 

(C*)' TT - 0' < 0 S3 TT - 0' -f M, 

{<•)" T — 0' /i SI- 0 < TT, 

wh(*re M reprc'sents an arbitrarily small positive constant. For the circles (c)' 
we have /„(/) dc*fined by (I lit) and by taking g sufficiently small the values of 73 
pertaining to tlu*s(* <*ireles (c*)' may he made to differ by as little as we please 
from T. At tlu* same time, however small g be taken, we have 72 S « > 0. 
Whence, u.sing result (/f), wc* see as before that if v be any preassigned arbi- 
trarily small po.sitive cpiuntity, we may take g so small that for all the circles 
(cr)' we shall have uniformly i hit) | < ». With g thus chosen, let us consider the 
resulting c*irc*les (<')"- Here again w<^ are to use the form (149), but the values 
of 72 and 73 which enter lie between assignable limits m, n such that m > 0, 
<I 7r (?// K, 11 ~ V ~~ g). Hence, for the circles ic)" the expression hit) 
has the desired properties, and in summary we may say that the same is true for 
all the circle's (c). 

Thus, relation (I) of §.51 becomes satisfied for all values of a within the 
interval 0 * I a h' < 1. That it is satisfied also when — l<a'^a^0 
may now he inferred as follows: 



IDO 
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In the present development we have (pin, a, t) = pin, — a, — t) and hence 
(155) I pin, a, t)dt = I pin, — o;, — t)dt = — I pin, — a, t)dt 

c/Q c/0 da 

If a be such that a' ^ o; ^ 0 it follows from what we have already shown that 
the last member of (155) will converge to the limit | or — f according as — 1 + a 
= — ^ = ““€ore^ — ]5^1 + oj, and that for all such values of a and t the 
convergence will be uniform. This is, however, the same as saying that for 
a' ^ a ^ 0 and — l — — eore^^^l — a the first member of (155) 

shall have the properties desired. 

That relation (II) of § 51 is also satisfied in the present developments follows 
from (151) together with (150). Thus, for all values of a in (152) and for all 
values of t such that — e ^ ^ ^ e we have 


X' 


pin, a, t)dt 


i+ir^+ 


L T”. 

47r Jo 


2 # = 2 . 


With regard to relation (III) of § 51, we note that the function (p(n, a, f) 
of the present development is given by (144). Now, availing ourselves of the 
formula 


5 E (2n + l)X„ix')Xnix) = 


and of the fact that for large values of n the function Zn(cos 6) is of the form” 
(wn- sin e) I < 1 


provided d lies in any interval of the form J;f>0, it appears 

that (III) is here satisfied for all values of a and t such that — 1 < a' S ct S 6' 
< 1 and - 1 - a + ^ ^ i < - €, e ^ i ^ 1 - a - ^ (^ > 0). Whether'the 
same is also true (as desired by (III)) when t lies in the intervals — 1 —■ a ^ t 
^ — 1 — a+| or 1 — a — ^^<^1 — o: remains in doubt, thus leading 
eventually to an application of remark (1) of § 56. Due account of this ex- 
ceptional character will be taken before the final summary of our results into a 
theorem. 

We turn to the consideration of (143) when a = =t 1. First, if a = 1 we 
have 


(156) 


n pt 

1, t)dt =i'E (2n + 1) Z„(l -h t)dt 

= — f E r z„(cos 

n=s0 c/0 


6) sin 6d9 


Cf. l. c., p. 103. 



and we nhall new shew that fer values of t such that — 2 + e S t ^ — e; i. e., 
of 6 such t hat 0 < ^ " 6 ‘ v — t) {■q arbitrarily small but > 0) the last member 
of (Ibb) e(mv«>rge‘.H {uniformly) to the value — 1 when « = oo, thus satisfying 
relation (I)(, of § ea (/I'a ~ 1) when exception is there made of the value t = — 2 
{B -• w). 

In fact, when <r » 1 we have 6' = 0, so that in using (147) we have y = 8 
while ip bee<unes imh-pendent of 0. Thus we may write 

( y-t/f. 1, I f.JXniWH 0) + Xn+l(,COS e)]dd 

(157) "" 

3 l-V„(ees 8) 4- A'„+i(cos fl)]J = — 1 + |r„(cos d). 

The indicated stntemimt thus follows upon noting the properties already men- 
tioned of r„teos 0) when 0 < !j * 0 * r — r/ (rj > 0). 

Agaiti, if tt — I we may write 

f y>(«. - I. t}i/t - I 1)(- 1)" r A'„(cos 8) sin Odd 

Jit »i--o Jn 

“ I (“» + 1) r I'nicos (tt — 0)} sin 6dd 
(15S) " ' •''' 

” I ( ! eos (tt — 6) ) dB 

— tll'nleos (tt — 0)|ll ,r = 1 — ITnjCOS (x — 0)}, 

fniin which it apitenrs tliat for values <if B such that (:7>0) 

I , „ of t such that t ~ t ~ 2 - *. the first member of (158) converges uniformly 
(« * ) to tin- limit 1 I, thus satisfying relation (!)« of §55 (6’i = 1) when 

exception is then' made of tin* value f = 2 (0 = D). 

Uehitiuns (lit, and (llh, of §55 are evnlently satisfied as a result of (157) 
and (15S|, but relations (111). and (III)i. are not satisfied. For example, we 
have ^ ^ 

v»(a. 1. I £ (-’» b nA’«(i + 0 = I £ (-'« + i)a:»(cos b ) 

and as a increases iniiefinitj'ly the right member here appearing becomes an 
oseillatorv .livergent .cries what.'ver the value of 6->' We are here led, there- 
fore. not 'to an application of remark (1) of § 50. but rather to an entire recon- 
sideration of fh.' reasoning b> which Theorems (V) and (VI) of § 55 were estab- 
Usheib In this way we may supply eoiulitions for/(j') which, notwithstanding 
the present except iomd eharaeter of y?(a. 1. 0, will insure the convergence of the 
series tl I2i ivlwn is eijuul to either I or •— 1- 
»H'i I c , j, UXl. 
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Thus, if Sn(l) represents the sum of the first {n + 1) terms of the series (142) 
when a: = 1, we may write 

(159) s„(l) = /(I + 0 <p(n, 1, mt + jT^ ' /(I + t)ip{n, 1, f)dt-, e > 0. 

Since, as already shown, relations (1)5 and (11)5 are satisfied, it follows (cf. 
(25)) that the first term here appearing on the right approaches the limit /(I + 0) 
provided only that the integral 

j ^ |/(a:)|ia: 

exists and that /(a;) has limited total fluctuation in the neighborhood at the left 
of the point cc = 1. It remains, therefore, but to impose such further conditions 
upon/(ir) that the last term of (159) shall approach the limit zero as n = oo, 
and we shall now show that this will be the case whenever f{x) is of limited total 
fluctuation throughout the whole interval (— 1, 1). 

First, let us consider the integral 

(160) r /(I + t)(p{n, 1, t)dt. 

J-2+e 

Considering that n has any fixed value (positive integral), let us divide the 
interval (— 2 + e, — e) into a certain number m of parts such that in each tlie 
function <p{n, 1, t) does not change sign. Let pi, p 2 , •**, be the corre- 
sponding points of division. We may then write 

f~ /(I + 0^(^^ L i)dt = ( f +r + /(I + t)<p{n, 1, t)dt 

*y-2+e \ J^2+e Jpi / 

rPl pPz nPm^l 

= /i I <pdt + /2 I <pdt + . . . -f I (pdt + I ^dt^ 

•/~24-e Jpi 

where <p = <p{n, 1, t) and /i, / 2 , /s, • - , fm are certain values lying between the 
upper and lower Emits of /(I + t) when considered within the intervals 

(-2+6, 25i), (PhPi), •••, (p«^ 2 , 2?m-i), (p^u - e) 

respectively. Whence, if we let 6i, 62, • ■ • , 6m-i, 6m be the values of 

(161) r (p(n, 1, t)dt 

at the points t = pi, t = = respectively, we may write 

- /a) + • • • 

4" 0m-l(/m — 1 “*■ fm) 4* ^mfm» 
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Since, as already shown, the integral (157) when considered for values of t 
in the interval — 2+e<i = — e converges uniformly (n = oo ) to the limit 
— 1, it follows that the integral (160), when considered for the same values of t, 
cionverges uniformly to the limit zero. Whence, if cr be a preassigned arbitrarily 
small positive quantity we shall have, at least if n be chosen sufficiently large, 
1 01 1 < O', 1 02 1 < cr, • • • , 1 0TO I < cr. Wlience, also, if X represents the upper limit 
/(I + t) between t = — 2 + c and t — — e, and if Da represents the fluctu- 
ation of /(I -1- t) in the interval fa<t< p«+i, the last equation enables us to 
write 


r:> 


/(I + t)(p{n, 1, i)dt 


< 


<r(x+E'c.), 


from which the indicated rcsxdt concerning the last term of (159) becomes evident. 

vSimilarly, when a: = — 1 we may obtain the corresponding result so that the 
discussion of the convergence of the series (142) may now be readily completed, 
both for the ciasc of a point a; .such that — 1 < a: < 1 and for the end points 
X = rb 1 , except that, following remark (1) of § 56, it remains to consider the 
integrals 


(162) 


r /(cc + t)ip{n, a, t)dt, f /(a ■+• t)p(n, a, t)dt, 
J t/ 1 

/(I -h t)<p{n, 1, t)di, /(- 1 + t)<p{n, - 1, t)dt. 

a 


In order to (complete the discussion it thus suffices to show that, at least if ^ be 
taken sufficiently small, each of these integrals remains less in absolute value than 
any preassigned positive quantity co provided n be greater than some fixed 
(piantity N. Moreover, in the case of the first two integrals, this property should 
be true uniformly for all values of a such that — 1 < a' S<x = b'<. 1 i. e., 
the determination of N should not depend upon a. 

Taking the first of the integrals (162), let us now suppose that fix) is of 
limited total fluctuation in the neighborhood at the right of the point a: = — 1 
and hence that/(a:-l-0 has the same property at the right of the point t= — l—a. 
Tlien, since we have already shown that the integral (143) converges (ra = oo) 
to the limit — J and that the convergence is uniform for all values of a and i 
such that - l< a' ^ a <1-, - — €, it follows that we may 

trtiat the first of the integrals (162) in the same manner as we treated th( 
integral (160), thus showing that however small the choice of the positive 
quairtity <r, we may determine a value N (dependent only on cr) such that 
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where X' is the upper limit off (a + t) in the interval — 1 — a;<^< — 1 — 
and where 

m—l 

'Zb: 

5=1 

represents the sum of the oscillations of f{a + t) corresponding to a certain 
division of the same interval — a sum which by hypothesis is less than a constant. 

Similarly, the second of the integrals (162) is found to have the properties 
desired. 

As regards the third integral, the method just employed cannot here be used 
because we have not investigated the convergence of the integral (157) when 
-'2^/^ — 2 + $. We may, however, show as follows that if f{pc) is assumed 
to be of limited total fluctuation in the neighborhood at the right of the point 
oj = — 1 (as already implied in the conditions which we have placed upon f{x) 
in order that relation (III) 6 be satisfied) then the third integral of (162) has 
the properties desired. In fact, following again remark (1) of § 56, we may 
then show that the integral in question may be made less in absolute value than 
any preassigned positive quantity by taking ^ sufficiently small, this being true 
uniformly for all values of n sufficiently large. To see this, if we let the accent 
denote differentiation with respect to d, we have from (157) 

/(I + t)<p{n, 1, t)it =-i /(cos 6) F(cos e)d0, 

■where ri depends only upon ? and vanishes when ^ = 0. Since fix) has been 
assumed to be of limited total fluctuation in the neighborhood at the right of the 
point z = — 1, the same function is either monotone in this interval or consists 
of the sum of a finite number of such functions.^® Evidently, then, without loss 
of generality we may assume in the study of (163) that /(cos 6) is monotone in 
the interval ir — r} < 6 < ir. 

This being the case, let us apply the second law of the mean for integrals to 
the second member of (163). We obtain 

/(I 4- t)<p(n, 1, t)dt = -yi- 1 + 0 Yn'icos 6)de 

- |/(- 1 + 0 ) r 7/ (cos d)dd, 
which, upon recalling that yn(cos t) = 0, reduces to 

— i {/(— 1 •+■ ^) — /(— 1 + 0) } F„(cos (tt — Tji)) + ^/(— 1 + 0 F„(cos (tt — i?)), 
and of the two terms here appearing, the first, upon recalling that 

I F„(cos (it — Tji)) I ^ 2, 


Cf. § 46, p. 110. 



may be made arl)itrarily small in absolute value by choosing ^ sufficiently small, 
while the se(‘on(l ($ having been fixed) vanishes as 'ri = oo, it being observed 
her(^ tliat rj clocks not depend upon n, so that we are dealing with the expression 
FrdcoB 6), whenmi 0 lias a fixed value such that 0 < 6 < tt. 

Similarly, it appears that the last of the integrals (162) has the properties 
desircal in e«is(‘ /(»r) is assumed to be of limited total fluctuation in the neighbor- 
hood at the right of the point a; = 1. 

In summary, then, we reach the following theorem respecting the convergence 

of the series (142) : 

14 1 Eo HUM L If the function f{x) of the real variable x satisfies the following 

three vondiiUms: 

(ri) remaim finite throughout the interval (~~ 1, 1) with the possible exception of 
a finite numher of points; 

(b) is such that the integral 

j_Jf(.x)\dz 

exists ; 

(c) is of limited total fluctuation in an arbitrarily small neighborhood at the 
right of the point x — — 1 and in a similar neighborhood at the left of the point 
X then the series 

(l(»l) Jl<InXn{r); f f(z)Zn(z)dx, 

n « " •>'—1 


in which XnO) rcprcHf uis the poh/nomial of Legendre {Zonal Harmonic) of order n, 
will converge at ang point x {— 1 < x < 1) in the arbitrarily small neighborhood 
of which f(x) has limited total fluctuation, and the sum will be 

I [fix- 0) +f{x + 0)]. 


Moreorcr, the convergence will be uniform (§ 45) to the limit f{x) throughout any 
interval la', //) enclosed within a second interval (ai, 5i) such that — 1 < ai< a' 
< 1/ < < 1 provided that f{x) 'is continuous throughout {a', V) inclusive of its 

end points and has limited total fluctuation throughout (ai, bi). 

Also, if tee replace conditions (a), (h) and (c) by the single more restrictive con- 
dition •, vk., that f(x) he of limited toted fluctuation throughout the whole interval 
{— 1, 1) then the same series will converge when x= — I or x=l and the respec- 


tire sums will bef(— I + U),/(l — 0).®® 

M 'i-h,. ri'KiiIiH in this thwirom, l)oth for tho case of an internal point ^ ^ 

»n<i fur t\mt of ti.c .-lui iH.inlH * - ± 1, api>«ar to have been first established rigorously by Hobson 

« (IWS), I'-m. im., Vol. 7 (1909), p 39). Dim’s cons deration 

of tho prohlou. C-Horio .li Fourier, etc.," pp. 27&-282), although outhnmg 

of the r.-nuir.-.l »..nt.v.i«, is but fragmentary, especially that which concerns the end P^s _ ^ 

lIo,muN’H we.m.l just not«l, has stringent conditions for /(x) 

tif the 'riteorom above, the wune rcaulting from an extended cntical study of the behavior of 

Xmtf), i - I * ' U for large values of n (L c., pp. 25-“30). 
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69. We proceed to consider the summability (r = 1 ) of the series (142) and 
in so doing we shall make use of the following well known result 
If we place 

n 

(165) Sn{y) = S (2^ “f" l)-yn(cOS 7 ) 

w=0 

and 

(166) Sn{y) — “ + • • ■ + 


then for large values of n we have 
(167) 5 /( 7 ) 




4 cos^ 


— . /y 

•Vtt sin ~ (2 sin 7)^ 


COS 


[(^ + 1)7- j]+ 5/(7) 


where lim Sn{y) = 0 uniformly for all e ^ 7 S tt — € (e > O)."'^ 

n=oo 

It will thus appear that although the summability (r = 1) of (142) at an 
internal point (— 1 < a; < 1 ) cannot be assured under conditions so slightly 
limitive as those met with in the corresponding studies of Fourier scries (§ 4()) 
or the Bessel expansions (§ 67), nor indeed under restrictions uj)on /(*) which 
are any less than those stated in Theorem I for convergence (r = 0 ) at such a 
point, yet at the end points a: = db 1 the conditions for summability may be 
stated in a less restrictive form than the corresponding ones in Theorem I. 

We begin by noting that, as a result of (144) and (145), the function ^(a, n, t) 
corresponding to the present development is such that 

4>(n, a, t) = ^ [<p(n, a, t) + <p(n — 1, a, i) + • • • + cp(0, a, <)], 

where 

1 “ 

(p{n, a,t) =j- \ Z/ ( 2 n + l)X»(cos y)d<p 

Jo naO 

tke angle y being here determined, as in § 68 , through the following relations: 
a = cos 6', a + t = cos 6, cos y = cos 6 cos 0 ' + sin 6 sin 6' cos {<p — ^')i 
it being understood that is assigned any fixed value (0 < < 27 r) independent 

of 9, 

Thus we may write 

(168) ^(n, a, t) = Sn’{y)d(p, 

where Sn'{.y) is defined as in (166). 

Now, when t is such that — e ^ < S e (as occurs in relation (11) of the general 
theorem of § 52) the corresponding values of y pertaining to the neighborhood 
“ Cf. FejAb, I. c., p. 107. 



of the (fixed) point {6', (p’) lie in an interval of the form OSy^-ri where t ? 
vanishes with, e. Thus, while formula (168) is general, holding for all values of 
a and t with which we are concerned in applying the theorem of § 52 to the 
present development, we are unable to determine whether relation (II)' of the 
same theorem is here satisfied until more than is given by (177) is known of 
the behavior of Sn'iy) for large values of n. A critical study of Sn{y) for 0 S 7 
g € is here needed and such study has apparently not yet been made. 

Again, it cannot be argued from (167) and (168) that relation (III) of § 51 
is here satisfied by a, t) (cf. remark (2), § 56). This relation, however, is 
seen to be satisfied if we confine ourselves to the intervals — 1 — 
t:. — ^ 1 — O' — ? (^ > 0) instead of — 1 — — e, — a, 

but this is nothing more than can be at once inferred from the properties 
alrciady pointed out in § 68 regarding the present function (p(n, a, t). It may 
be noted that if we could show that Sn{.y) when considered for all values of n 
and for values of y within the interval tt — € g 7 ^ tt remains less than a con- 
stant (dependent only upon e) the function $(n, a, t) would come to completely 
satisfy n'lation (III) as a result of (167) and (168). That such is true of Sn{y) 
seems probable. 

'riie <’onelusion from these remarks respecting summability (r = 1) at an 
internal i)oint a: (— 1 < a: < 1) is therefore purely negative, except naturally 
that such summal)ility will necessarily be present^^ under the conditions for 
convergence (r = 0) as given in the theorem of the preceding 

'rurning to a consideration of the summability (r = 1) of the series (164) 
when a* = — 1 or a: = 1, we see upon reference to the results obtained for 
<p{n; — 1, f) and (pin, 1, t) in § 68 that relations (I)o, (II)o, (I)b and (11)6 of § 55 
ani satisfied by the present functions #(«, — 1, t) and #(w, 1, t) (regarded as 
fuiKitions of the type <p there indicated) except that doubt exists in the case 
of (I)« and (1)6 when t belongs to the respective intervals 2 - J S f ^ 2, 
— 2 Si < — 2 -4- f (S > 0). In other words, nothing more can be said of 

— 1,0 and '!>(«., 1, 0 than was said of (pin, — 1, t) and <pin, 1, t) in § 68. 
Tliis, however, is not the case in dealing with relations (Ill)a and (III)6. 

Thus, in (111)6 we have to consider the expression 


where 


^(», I, 0 == i) + <pin — + • • • + ‘Pi^> b t)]. 


(p{n, 1, 0 ~ ^ l)Xn(COS 9) — 2^n{9)» 

nssO 

We may therefore write 
(169) 

«a’. cILmak, Quart. Joum. Math., Vol. 43 it 

Chapman places no restrictions upon /(a;) at the extremities of the interval (- 1< ® < 1) other 

than tli»e for the whole interval. 



so that upon introducing (167) we see that (111)6 is here satisfied for all values 
of t in the interval — 2 + ^^t^ — e. For the remaining values of t with 
which (III) 6 is concerned, i. e., — 2 ^ t ^ — 2 + doubt exists. 

Likewise, relation (III)* is seen to be satisfied by #(ra, — 1, t) except possibly 
for values of t in the interval 2 — ^ ^ i ^ 2. 

From the general theorem of § 52 together with the remarks in § fib and the 
investigations already made in § 68 of the last two of the integrals (162) we 
reach the following 

Theoeem II. If the function f{x) of the real variable x satisfies eanditions 
(a), (b) and (c) of the Theorem I (§68) then the series (164) whem. considered for 
the values a: = ± 1 will be summable (r = 1) to the respective limits /(I — 0), 
/(- 1 + 0). 

70. The difficulties which present themselves in the study of the summability, 
r = 1, of the series (164) disappear in large measure when we considi^r the same 
problem with r = 2. This fact was first pointed out by who confined 

himself, however, to functions f(x) having somewhat greater limitations than we 
shall here find necessary in view of the general theorems of § 52. In what 
follows we shall make use without further remark of the following two preliminary 
results which may be found established on pages 81-87 of Fiofni’s original memoir. 

“ Having defined «„('y) and Sn'iy) as in (105) and (106), if we place® 

(170) Sn'iy) = n'ljri' [^“^('7) + *1^(7 ) + • • • + #„'(t) 1 
then 

“(1) Whatever the values of n and y (0 < 7 < tt), Sn'iy) is never negative. 

“(2) For values of y such that e S y ^ t, t being arbitrarily small but > 0, 
the expression Sn'iy) converges (n = 00) uniformly to zero.” 

These results being premised, we shall now endeavor to apply tlu? gjmeral 
theorem of § 52 to the present development. 

Just as we found the formula (168) for the function 4>(n, a, t) arising in the 
study of the summability, r = 1, so it appears that if we rei)reaent by ipin, a, t) 
the corresponding function which arises when r = 2, we shall have 

(171) 

where Sn'iy) is given by (170). Whence, upon using result (1) above, we see 
that 

J I f^in, (x,t)\dt = — j ^{n, a, t)dL 

Thus, in view of the fact that the function <pin, a, t) (ef. (144)) and hence 

M Cf. MaOi. Armalm, Vol. 67 (1909), pp. 76-109. 

» ' Thus, «/(t) comes to represent Haider’s second mean for the series (164). 
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yPin, a, f) satisfies relation (II) of the theorem of § 51 (as shown in § 68) it follows 
that the present function yp{n, a, t) satisfies relation (II)' of § 52. 

Moreover, if we avail ourselves of result (2) above, it appears from (171) that 
rpin, a, t), when regarded as one of the functions of the type <p{ri, a, t) of § 51, 
satisfies relation (III) of the same §. 

It remains but to note that ^(n, a, t), when considered as one of the functions 
<p{n, a, t) of § 51 satisfies relation (I) of that §, as a result of our analysis in § 68 
in order to see tliat the conditions for the use of the general theorem of § 51 are 
here all satisfied. 

As regards the summability (r = 2) of the series (164) when a; = ± 1, it is 
easily seen that ^(w, 1, t) and \p(n, — 1, t) satisfy respectively all the conditions 
deinandod by the general theorems VII and VIII of § 55. Thus, upon referring 
to (157) and recalling that F„(cos 6) = Z„+i(cos 6) + Z„(cos ff), we have but 
to make use of result (2) above to see that \f'(n, 1, f) satisfies relation (1)6 (o = — 1, 
5 = 1 , 0^ = 1) of Theorem VI (§ 55). Relation (11)6' of Theorem VIII (§ 55) 
is also satisfied, as follows from the fact established in § 68 that <p{n, 1, t) satis- 
fies ( 11 ) 6 , Theorem VI (§ 55), while from result (1) above, we may write 

X O ^0 

\xl/(n, 1, f) = — J ^(n, 1, t)dt. 

Finally, it follows from (169) that ^(n, 1, t) = isn'(6) so that by applying result 
(2) above we st^e that ^(«, 1, t) satisfies relation (III)6, Theorem VI (§ 55). 

Upon noting the corresponding results concerning yp{n, — 1, t) and applying 
the Theonuns of § 55 we reach in summary the following 

Tueokkm III. IJ fix) be any function which, when considered throughout the 
interval {— 1, 1), satisfies conditions {A) and (B) of Theorem I (§ 51) then the series 
(H14) ufill he summaMe (r == 2) at any point x (— 1< x < 1) for which the limits 
fix — ()),/(* + 9) exist and the sum will be 

■Ufi=^-0)+fix + 0)]. 

Moretmr, the summability will he uniform (§ 45) to the limit fix) throughout 
any interdal («', b') such that — 1 < a' <! 6' < 1 provided that at all points within 
(o', b') itwlusim of the end points the function fix) is continuous. 

Under the same conditions iA), (R) the series when considered for the valves 
a; ** — 1 and ar * 1 will be summable ir — 2) to the respective limits fi 1 ~1" 0), 
/(I — 0) provided only that these limits exisV^ 

•* IntmwtinR results have boon obtsined by Planohbiiiii, (Rend, del Cir. Mat. di Palermo, 
Vol. 33 (1912), pp. 41-113) relative to the summability of the Legendre developments when, 
insteid of wloptiiiK the Holder definition of sum, one employs that of De la VaU4e Poussin (see 
footnote, p. 77). 


APPENDIX 


1. Proof of statement (I), § 46. It is desirable for the purpose to establish the following two 
lemmas: 

Lemma I. If a and h are any two real numbers such that either — 
or a < 5 ^ TT — €, € being an arbitrarily small positive quantity ^ and if k is a positive quantily 
which may increase indefinitely according to any law whatever^ then 


( 1 ) 



sin kt 
sin t 


dt = 0. 


and the limit is approached uniformly for all the indicated values of a and h. 

In order to establish this, lot us suppose first that a and h are positive and divide tlie easeH 
which may then arise into three sets as follows: 


(a)o<6^|; 


In (a) we have merely to note that as t varies from a to 6 the function 1/sin t is always posi- 
tive and continually decreasing so that we may apply the second law of the mean for integrals 
and write 


f 


^ sin kt 
--T- at 
sm t 


/* 

sin a « 


sin ktdl 


1 r cos ka — COB k^ 
sin a L k 


where ^ is a certain quantity lying between a and h. Hence, in (a) we sliall have 


( 2 ) 


< 2 

da Biut is sin tt /c sin € ' 


from which the indicated result becomes evident. 
In (b) we write 


( 3 ) 


p sin kt ^ 
da sin t *^a sin t 


dl + f 


Bin kt 
/2 sin i 


dl, 


where the first integral of the second member falls in group (a), while the last one, after making 
the substitution t ^ rr — f, may be written 

sin k(ir — t) 
dif-h sin I 


In this integral as t varies from tt — b to 7r/2 the function l/sin t is always positive and continually 
decreasing so that we may again apply the second law of the mean and write 


smi 


.1^ 

sin b 


r 


sin fc(7r — i)dt 


- L- f fc(T — |) 


where tt — b < ^ < x/2. 

AVhence, 

<2 

I sin ^ A;sm«’ 


after which the indicated result becomes evident as before. 

In (c) we have, after making the substitution ^ » x — 

sin kt /*«— » sin k( 7 r -- t) 


Upon noting that the absolute value of the expression (1) remains unchanged when — a and 
— 6 arc substituted for a and h respectively, the Lemma thus becomes completely established. 

Lemma IL If k he a positive quantity increasing according to any law whatever and if h he a 
constant {independent of k) and such that 0 K € :^h tt — e, e being an arbitrarily small positive 

quantity i then 


lixn 

Aasoo Bint 



and the limit is approached uniformly for all the indicated values of h. 

In order to prove this let us indicate by k' the jfirst odd number equal to or greater than k 
and let us place ^ — r so that 0 ^ y ^ 2. 

We may than write 

sin kt 


Bin kt.. Bin kt., , sin kt,, 

Jo -b£T “ Jo IST * + 


in which the last term, by reason of Lemma I, approaches uniformly the limit zero as = oo. 

Also, we may write 

sin kl . sin (k' — y)t sin k't cos yt f « cos k't sin yt 

Jo mnT'“ “■ Jo t ^ “ Jo — iSJ— " Jo sint 

and by reason of the general formula /(6) « /(O) 4- Sf(05); 0 < 0 < 1, we may place 

cos =3 I — sin yd 

wl'iere 0 ,S 7i S r <2 and hence 


( 4 ) r ^ ,ii » r dt - r dt - f 

Jo mnt Jo &int Jo sint Jo 


cos kH sin yt 
sin t 


dt. 


Of the three integrals huit appearing on the right, the first may be written in the form 


(6) 


( r'^ - 

j 4 J Bint 


TT r"’/2 sin k't 
2 J* Bint 


dt, 


ainee, if n be the integer siwsh that « 2» + 1, we have 


f. 


¥i 
sin I 


dt 


■r[ 


1 + 


5 QOB2nt 


\dt 


TT 

2 * 


Upon applying Ijcmmial to the last integral of (5) it thus appears that the integral of (4) in 

cpcitlon approiwdn* the limit ir/2 m k ^ oo . 

As regards tlie last two integrals of (4), it is at once evident that each of these may be made 
arbitrarily iinall in absolute value with « and with this the proof of the Lemma becomes complete. 
The proof of (1) of § 46 may now be made as follows: 

Wo may writ© 

2n 4- 1 


L ~ i~{f ‘ + L.) 


Bin 


t 


" dt 


sm: 


_i / 


-<r/2sin (2a 4“ 1)< 




sin t 


dt--f 


W2sin(2n + 1)^ 


sin t 


dt 


and whim - 2r 4^ « < l< - € w© have - ^ 4- e/2 < t/2 < - e/2 so that the first term here 
api>«urliig In th© liat member approaches imiformly the limit zero when n = appears 

from lamina 1. Ilia Iiwt term of the same memb^, however, approaches the limit - 4 as follows 

from Lemma IL . ^ -r t j tt 

Blinilarly, when i < I < 2ir — € the d^ir^ result follows directly from Lemmas I and U 

Ufion writing 

^ Cf. Diifi, Seri® di I’ourittr, etc., § 19. 



JLUV 




. 2n + l, 

sm — 2 — t 


Try'll 


*/2sm(2n + l)e 


dl +-f. 

TT *^0 


1 p/2sm(2n + l)^ 


2. Proo/ o/ statement (II) of § 46. We first establish the following Lemma: 

Lemma III. If k is a 'positive quantity which may increase indefinitely according to any hw 
whatever we may write^for any value however great of k and for any value of t swh that »«- ir/2 ^ ^ ^ t/2 : 


*'0 amt 


In fact, considering that k has any particular value among those which it may take and 
considering first the cases in which t is positive, we observe that since the function sin kt vanishes 
by changing sign at the points x/fc, 2x/A;, 3 t/A;, • • - , while the integral 


Jo sm t 


is positive from i5 = 0 to i = r/k, this integral has maximum values at the points v/k^ Zr/k^ trrfk^ * • • 
and minimum values at the points 2'irlk, 4x/A;, • • • . 

Moreover, the greatest of these maximum values is 

(7) Jo sO*’ 

for we may show as follows that the difference between any maximum value and the next suc- 
ceeding one is positive: 

Let 

"■* and + 


be any two successive points belonging to the sot x/^, Sx/ib, fix/ib, 
the corresponding maximum values of the integral in question is 


The difference between 


( \ sin kt ji ^ ^ 

W® / sin^'^^ “ J<ri 1 


sin kt , ^ I 

'■i sin c “ k 


sin t 


hiTi 


£ +2)7r sin t y, . 1 
-l*+fc 

l)Tr k * 


''(2«+2)ir sin t 


£ 2if t)ir . , r I I 

+ l)ir L**’"* «in “p 


In the last integral here appearing the factor sin t is negative (or «ero) for all the valu<* of < be- 
tween (2s -h l) 7 r and (2s -1- 2)r and since, for the same values of t, wo have 

« ^ t . t + r 

the factor appearing in square brackets in the last integral is posiUve when 

(2s-hl)x<tS(28-b2)r. 

In like manner it appears that the least of the minimum values of (6) is 

ki j. 

0 

and that this value is positive together with all values of the integral (6) when 0 <tZ^, ‘Iirfk. 

Thus, for all values of t such that 0 < t < x/2 the int^praJ (6) is positive and in summary 
we may say that the greatest absolute value of (6) when 0 S t w v/2 is given by (7). But 

* Cf. Dini, 1. c., § 18. 


j Binkit nrr/k kh 


t) sin i 


nn kit nirik kh . ^ ^ ^ x 


and sineo for such values of 1% this expression is < 1 tlie Lemma now follows provided t ^ 0. 
In order to prove it also for the eases in which f < 0 we need but to note that 


ht 5, f<sin kt 

Jo “ Aisr* • 


By use of Ijennna III the proof of (II), § 46, is immediate since we have 


I /a virhDdl^^— ^ 


. 2n + 1 , 

sm ^ ■ t 

Ji 


, 1 I (2n + 1)^ 


dt < 1. 


A possible t^ht>ice of the constant A of (II) is therefore A = 1. 

3. i*reH)f of l^taiemeni (II)^ § 47. We shall here establish the following general lemma: 
Idmmia / V* If k ^ na + where n takes only positive integral values and a and /3 are any 
two cotmiants {indejumdenl of n) of which a > 0, then, corresponding to any e > 0 such that e < x/2, 
€ < x/«, we shall ham for all values of n sufjidently large 

I r** I !t sinifcil ^ 


n^o sin t 


\dt < g, 


where g is a certain comtani imkpmmlent of both n and 
Hlnm 


ftin ( — kt) sin kt 
sin (— 0 sin t ' 


it will «widently Muflice to |)rove the lemma for the expression 

1 /*« 1 J sin kt ,, 
nSo U^o sin i 

Initi^iul of (H). 

Now, we have 

m } ^ [mi nat cos fit + cos nat sin gt], 
Bin t mn r 


» that by aiiplictUion of the well known formulae 

. nx . f , 1 N 

^ mn-^sin (a + 1) 2 


'% sin 

».-40 


% eoBriJ* 


nx . t » "IN ® 
cos -y sin (a + 1) g 


jX' I i. ‘Zi 1 * < sX + 1 X 


nat 1 1 (» +^l)ai^| 


• + ’p od 1 1 sin I 


we obtain 
( 12 ) 
wlioro 
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Now, for the given value of e we may take n so large that 


and write 


(n + l)a 


(13) 

Now, when 




we may write 


o<i<5r+ir«<*<2 


/ . nat 
/ sm-TT- 
ncL I 2 


na IT Truce 
2 ‘2 "'"4 


and in like manner 


(n + l)at I 


(u “4" l)cei 


< (” + « -&“+ fcr < I" + « 2 ' » < ■ < (« +T); ■ 


Thus it appears that the first term on the riglht in (13) is less than (t®u/ 8). Again, the second 
term on the right in (13) may be put into the form 

/ at \ 


Ct d Tr/(TI'-Hl)a 


. nat , (n + l)<i5^ / 

sux— mn -2 


(smOl f' 


which is less than 


Thiis we have 




from which we see that the first tenn on the ri#Kt in (12) has the proixurty Indicated of (B) . Like- 
wise, the same is seen to be true of tlte second term on daa r^bt in (12) with which the proof 
becomes complete. 

The proof of (11)' of § 47 follows by considering ttie special case in wMch a » 1, ^ 

4. L^ma V, With k defined m in Lmvrm IV m ham 


lim “ r 2 <508 kt (U - 0, 

WmOO n Manfl 


where e u any pontive constant mich iked « < 1, e < Tr/<x. 

As in the study of (8) it will here suffice to prove the lemma to tike «:pwMlon obtained 
from (15) by replacing the — € of the lower limit of integration by 0. 

Now, we have 

cos ht « cos nat cos — mn nod sin fit, 


so that upon using formulae (10) and (11) we obtain 


1 /*« » 2 /*« 

- L S cos kt dt <- L Edt, 

ndo JZft ^ 


. (n -f" l)cd 
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For the given value of € we may take n so large that 


and write 
(16) 


< € 


(n + l)a 

j;™. 


7r/(n+l)a 


HdL 


From (14) it apiwMirs that the first term here appearing on the right is less than 
Agmn, tlm Bmond term on the right in (16) may be put into the form 


whkdi k Iws tlian 


Thus W0 have 


2 r* 


. not I 


2 


sm- 


(xl 


- P ~ £ lAcr + 1)^0^ 

a^fr/(nH)a[2j t tt 


‘ log - 
na na 


from whieli iha truth of tl«^ lemma beciomes evident. 
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This book has been written not only for the use of college stu- 
dents who have had a short course in calculus, but also for the use 
of scientists with a similar equipment in mathematics. The author’s 
aim has been to provide examples which are clear-cut, real and alive, 
taken as far as* possible from actual and recent experience and from 
many departments of science. He has been collecting these prob- 
lems for several years from research-workers, astronomers, engineers 
and chemists, and has assembled them here in a form which will be 
found adequate for the use of practical workers. To quote the 
words of a prominent mathematician who has read the book in manu- 
script, “It avoids the congestion of technical terms which repels one 
from most of the books on this subject, yet uses enough to develop 
the subject properly. It is written with unusual clearness, and has 
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